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CHAPTER  I 


INTRODUCTION 


1.   The  Problem,  - 

The  determination  of  the  distribution  in  energy  loss 
by  particles  traversing  a  given  thickness  of  matter  can  be 

separated  into  two  problems;  1)  the  determination  of  the  cross 
sections  for  the  collisions  by  which  the  particle  may  lose 
energy;  2)  the  calculation  of  the  distribution  in  total  energy 
loss  resulting  from  such  collisions^   The  first  problem  has 
been  treated  by  many  authors  (9)-^^,  (10)  ,  (11)  ,  (12)  ,  (13)  ,  (14  )  ,  (15)  , 
(16), (17),  and  the  cross  sections  given  by  the  present  relativis- 
tic  quantum  theory  for  collisions  with  atoms,  of  electrons, 
positrons,  protons,  and  mesons  of  bpin  0,  -^,  or  1,  may  be  re- 
garded as  known  to  a  sufficient  approximation*  The  second 
problem  may  oe  formulated  as  follows:  given  the  probability 
^(if^4s//"V^  that  in  going  a  distance  dt ^   a  particle  will  sui'fer 
a  collision  in  which  it  loses  an  amount  of  energy  between^ 
and  S't'd£'i    to  calculate  the  probability  r(£,t)ac    that  after 
traversing  a  thickness  t  the  particle  has  lost  a  total  amount 
of  energy  between  c  and  £ '^'OC.     The  development  of  general 
methods  of  attacking  this  problem,  and  their  application  to 
the  calculation  of  r(c^t)    for  high  energy  mesons  traversing 
various  thicknesses  of  materials,  constitute  the  central 
purpose  of  this  thesis*  ^ 

Methods  of  determining  the  distribution  r(£^i/    will  be  ' 
described  which  are  applicable  to  problems  of  this  type  when- 
ever the  function  X(^)    is  known*   The  methods  are  particularly 
"'^  Numbers  in  parentheses  refer  to  the  Bibliographical  Notes. 


■v-f  -•  .■; — ua:i''-'-'^,^*.?!»,'sj?«'Ty««s<?-s>5^sR3ir!^ 


suited  to  cases  when  ?L(^^)   is  such  that  the  probability  that 
a  particle  will  lose  a  large  fraction  of  its  kinetic  energy 
in  a  single  collision  is  small,  as  is  the  case  for  collisions 
of  heavy  particles  with  electrons*   These  methods  will  be 
applied  to  the  determination  of  P(f^t)    for  mesons  of  cosmic 

ray  energies.   Curves  will  be  presented  which  can  be  used  in 

1 

the  analysis  of  experiments  involving  meson  energies  from 
1  to  1000  Mev,  and  any  thicknesses  of  (homogeneous)  material. 
The  curves  are  also  applicable  to  protons  or  other  charged^ 
particles  of  mass*  large  compared  vv'ith  the  electron  mass  and 
of  kinetic  energies  from  0.01  to  10  times  the  rest  energy 
of  the  particles*   Only  energy  losses  due  to  collisions  with 

electrons  have  been  taken  into  account  in  the  calculations* 

The  problem  of  the  effect  of  scattering  by  collisions 
on  the  spatial  distribution  and  the  distribution  In  direction 
of  motion  will  not  be  treated  in  this  thesis*   The  angular 
deflections  suffered  by  mesons  are  very  small  except  at  very 
low  energies  and  except  for  rare  close  collisions  v;ith  an 
atomic  nucleus*  UYien   directional  scattering  is  important, 
the  distribution  r(€jt)   can  still  be  determined  by  the  methods 
to  be  described,  out  the  variable  t   .nust  be  interpreted  as  - 
the  actual  path  length  of  the  particle  in  the  material*   The 
problem  of  directional  scattering  has  been  studied  by  many 
authors  (4) , (5) ^ (6) , (7 ).   The  effect  of  scattering  on  the  path 
length  t   can  be  treated  approximately  by  methods  similar  to 
those  described  by  Rossi  and  Greisen  (4, p. 268),  or  by  Rose  (7). 


<\:.r- 


w 


.,-;jiiT~r  »-^-ry ■ 


•^ ,?■■  -^Tii-:  7»;"r?riT-r-:'-Ti»  ,;";;•  v --5-:-- 


2.  Historical  Review, 

The  problem  of  determining  the  distribution  in  energy 
loss  of  fast  electrons  was  probably  first  attacked  by  Bohr  (1) 
in  1915.   Bohr  derived,  using  classical  theory  and  the  Ruther- 
ford-Bohr model  of  the  atom,  an  expression  for  ?L(^/    for 
electrons  and  cx-part icles.  }LC^^)   turned  out  to  be  proportional 
to  /^^^     except  for  very  small  (or  very  large)  values  of  ^  , 
a  result  which  also  follows  from  the  quantum  mechanical  treat- 
ment (4)*   Bohr  also  derived  formulas  for  the  mean  total  energy 

V 

loss  £,  including  relativistic  corrections,  and  for  the  mean 


square  fluctuation  in  energy  loss  i^£)  ,  in  terms  of  ?^(^  J  and 
the  thickness  of  material  t;  his  formulas  are  valid  when  £  is 
small  compared  with  the  initial  kinetic  energy.  From  these  he 
derived  correct  formulas  for  the  mean  range  and  mean  square 
fluctuation  in  range  in  terms  of  ?L(^)m  For  ^-particles ,  Bohr 
was  able  to  show  that,  except  for  extremely  small  thicknesses, 
the  energy  loss  distribution  is  nearly  Gaussian  and  is  there- 


fore given  byJi-: 


F(e)   -; 


/ 


(2n(A^) 


Ji  C 


2.1 


This   result   depends   essentially  on   the    fact   that   the   e.nergy 

ft 

loss  /"  in  any  one  collision  of  an  o^-particle  with  an  electron 
is  very  small.   For^ff-part icles,  which  can  lose  a  large  fraction 
of  their  energy  in  a  single  collision^  it  is  necessary  to  modify 
the  treatment  by  omitting  at  first  all  collisions  in  which  an 
energy  greater  than  £^  is  lost,  where  /y-  is  so  chosen  that  the 


V 


•'<■  the  notations  throughout  are  mine. 
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average  number  of  collisions  in  which  t  >c^y    is  veTjy  small. 


while  collisions  in  which 


7-  occur  very  frecjuently^   The 


energy  loss  due  to  collisions  in  which  £<^y    can  then  be 


shown  to  have  approximately  a  Gaussian  distribution: 


2.2 


f^will  depend  only  very  slightly  on  the  precise  value  of  iP^ 
if  £y    is  correctly  chosen©   It  was  shown  that  collisions  in 
which  £>S^   have  little  effect  on  the  position  of  the  peak 
of  the  curve  FCi)  ,  and  presumably  merely  add  a  small  tail  in 
the  direction  of  larger  values  of  ^.     Bohr  compared  his  numer- 
ical results  with  the  meager  data  available  at  that  time  and 
showed  that  the  agreement  was  satisfactory. 

Bohr'p  treatment  of  electron  straggling  was  extended 
and  improved  in  1929  by  VJilliams  (2)#   Williams's  method  was 
to  choose  ^y   so  that  on  the  average  the  electron  suffers  one 
collision  for  which  ^  ^^t    ^^  traversing  the  thickness  t  of 
matter*   He  showed  that  then  ^^x' ) ^^^  *^  is  correctly  given   , 
jy  2. 2.   The  distribution  of  total  energy  loss  due  to  colli- 


^^    #.^ 


sions  in  which  S  >S^     can  be  represented  by  the  first  few 

terms  in  a  series  the  nth  term  of  which  represents  the  dis- 

* 
tribution  of  energy  loss  for  those  electrons  which  suffer  just 

71  collisions.   Combining  these  two  distributions  according 
to  the  rules  of  probability  theory,  treating  the  two  groups  of 
energy  losses  as  independent  random  variables,  Williams  was 
able  to  calculate  numerically  the  function  /^^^^ ,  where  £  is 
the  total  energy  loss  due  to  all  collisions.   It  turns  out 
that  FCC^t)    may  be  expressed  in  terms  of  a  single  universal 
function^  as  follows: 


\ 


■  I 


where 


PU.  t)  -  i  f(^) 


■    1 


2.3 


•   i 


i  =  At 


£j.  =  i(^  i.  ^J) 


2.4 


Here  <4  and  €.   are  constants  depending  on  the  kind  of  material 
traversed,  and  y  is  a  universal  constant  whose  value  according 
to  Viilliams  is  0«30.  ^  has  the  dimensions  of  an  energy;  A  is 
[energy  /   length)  ;  6  is  an  energy.*   The  function  (p   can  be 
determined  from  a  table  given  by  Viilliams  (2,p*445).   A  com- 
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ental  results  for  the  straggling  of  150  kv 
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of    E#3    in   the    value    of  ^ 
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"allure    of    the 


classical  theory 


m:. 


/•**■' 


r  collisions  in  which  ^     is  of  the  order  of  iOOC  volts* 

tiilliams  has  written  a  number  of  later  papers  comparing 


^     JL 


rxmentai.  ana  uneoratioai  results  lor  ^ne  stopping  oi  ^'  and 


l^ir 


& 


^"-particles  (8j.,  (9;*   In  iS),  he  compares  the  function  rtC^V 
determined  from  the  ^uantum  theoretical  calculations  of  iaunt  (3^) 


v\dtn  3ohr*s  classical  exia'-easion^   The  two  functions  agree  f 


-f= 


M    coii4pc*red  vvith  the  atomic  energy  levels*   The 


average  rate  of  energy  loss  J^'^C^')  ^^      is  also  v*^vy   nearly  the 
^ame  for  ho  .h  theories.   But  according  to  the  quantum  theory 


unction  Hii^')     for  small  /"'is  mainly  concentrated  in 


Tl  n 


Ue   notation   in   2«3  «nH    ?^a    i::: 


au<? 


•*».  ■•-  ^  .,  .%7.t"^  ■., !  '*'i," 


\^ 


/ 


and  except  for  extremely  thin  foils  where  g  (equation  2.4  above) 

is  comparable  with  the  electronic  ionization  potentials-,  (e.g*, 
less  than  about  C.005  cm  of  lead  tov  j9   =C.9).   The  assumjption 
that  itC^)    is  proportional  to  /s^^    for  large  values  of  S^   is 
valid  for  values  of  jk       small  compared  v/ith  the  maximum  energy 


j^  that  can  be  lost  by  the  incjdent  ^article  in  a  single  colli- 

( 

sion  with  a  free  electron;  the  result  is  that  Landau's  results      ■ 

/ 

are  valid  for  small  thicknesses  of  material*   (The  condition  is  ^ 
i«£^j    i.  e.  for  mesons  of  IC  Mev ,  t«    0.3  cm  of  lead*   The 
condition  becomes  less  restrictive  at  higher  energies.   For     ' 
electrons  the  condition  becomes  f<'<'y^).   Landau  observed 
that,  if  we  neglect  the  dependence  of  ^(^)  on   ibe  energy  of 
the  ionising  particle,  the  problem  of  determining  /(£y/J^can 
be  solved  rUorously  by  a  Laplace  transformation  on  the  vari- 
aDle  t.      Under  the  assumptions  stated,  he  showed  that  t^C£,t)    '     -^ 
is  expressiole  in  the  form  2. 3,  where  5  and  £p   are  given  oy 
2/4,  and  he  gave  an  explicit  expression  for  the  Laplace  trans- 


form o 


f  0.      The  inversion  of  this  transform  was  carried  out 


numerice.lly,  and  curves  for  ^  and  J        ^^^4H  ^^^^i5H 


are  ,-^iven 


in  Landau's  paper.'**' 


tf- 


^/i 


*"•-  There  is  a  discrepancy  in  zhe    carves  as  given,  in  that,  for 
(f^£p)/g     between  about  C  and  5,  one  is  aoi  the  integral  of  the 
other.   The  curve  for  ^  vvas  checked  at  one  point  oy   numerical 
integration  and  it  appears  to  ue  correct;  the  in^egrcil  curve 
is  then  too  lov/  oy   about  0.025,  as  read  on  the  vertical  scale, 
for  (£-€^)/g      oetv-.een  1  and  4.   The  corrected  Landau  curves  are 
those  marked  "^  =;le4b'*  in  Fig.  la  and  lo  at  the  end  of  this 
thesis . 


t^'  ■ 


6 


.% 


4 


Landau's  (p   curve  should  agree  with  Williams's  results  since  \      ' 
bvoth  are  solutions  of  Lhe  same  mathematical  problem,   JActuaily, 


I   1 

^ 
■> 


,'v 


the  tails  of  the  two  curves  agree  for  ^ zr^ >  3 ,  out  there  is  a 

5 


•  1-' 


definite  disagreerrient  over  the  rest  of  zhe   curves;  Williams's 

cjrve  falls  off  more  steeply  on  the  negative  side  of  the  peak  ^ 

■  ■    .  !  " 

and  less  rapidly  on  the  positive  side.   It  is  to  be  presumed 

i 

that  the  Landau  curve  is  correct  since  the  method  used  to 
obtain  it  is  rigorous,  and  since  it  agrees  \\ith  the  calcula- 
tions  to  be  presented  later.   Landau's  value  for  the  constant 
J   is  0.37,  v.'hich  represents  a  hardly  discernible  shift  In  the  ' 
position  of  the  peak  as  compared  with  Williams's  value  (/«0..30). 
The  values  of  the  constants  A   and  6 1  according  to  the  results  -■ 
of  the  relativistic  quantum  theory,  are  (3), (10):  M  ^ 


A   = 


^ 


A  r 


if 


2,5 


I 


'■%  I 


2.6 


where 


JV  ^   Avogadro's  numoer  =  6.024x10"^"^  mole 


-1 


i^r  rest    energy  of   electron  =:  5,109  x   10      ev-. 

£=raean  ionization  potential   of   atoniic   electrons 

il3.5Zev. 


Z  _ 

A 


mean    ratio    of   atomic    number    to   atomic    vveight 
for   material   traversed. 


V-T- 


density  of  material  in  gm/cm^  .^^1 

^^/c^    ,  where  Vis  the  velocity  of  the  incident?- 

particle  (assumed  to  have  a  charge  irc.  )  , 


n: 


^^rt-rif'^f; 


i 


y 


The  first  complete  quantum  mechanical  treatment  of  the 
collision  of  fast  electrons  with  atoms  was  given  in  1930  by 
3ethe  (I2)y  this  treatment  neglected  relativistic  corrections^ 
A  method  of  treating  the  relativistic  interaction  of  two 
electrons  in  the  quantum  theory  was  developed  in  1932  by- 

Miller  (11) I  and  applied  to  collisions  of  fast  electrons  "^^ 

« 

with  free  and  bound  electrons*   A  detailed  study  of  the     >:^ 
collisions  of  electrons  with  atoms  along  the  lines  of  (12), 
but  using  Mj^ller's  methods  to  take  account  of  retardation 
and  relativistic  effects  is  contained  in  a  second  paper  of  ' 
3ethe  (13);  the  general  method  is  summarized  in  Bethe's     , 

.  -(- 

article  in  the  Handbuch  der  Physik  (18).  M0'ller's  methods   1 
were  applied  by  3habha  to  the  calculation  of  the  collision 

cross  sections  for  positrons  with  electrons  (17),  and  for 
mesons  of  spin  0  aund  spin  ^    (14)*   Collision  cross  sections  , 
for  mesons  of  spin  t  and  spin  1  with  electrons  have  been 
calculated  by  Massey  and  Corben  (15),  and  for  spin  1  also 
by  Oppenheimer,  Snyder,  and  Server  (16).   All  these  results  . 

■  ^  _   «  ■     ^.  ',■%  y       .      ''  ■  - 

are  summarized  in  a  form  convenient  for  the  present  purpose   . 
in  a  review  article  by  Rossi  and  Greisen  (4, p. 243-7);  range- 
momentum  curves  for  mesons  or  protons  with  0,5<^^<  10   m 
are  given  in  their  paper*   A  thorough  discussion  of  the  range- 

energy  relation  at  low  and  moderate  energies  may  be  found  in 
a  review  article  by  Livingston  and  Bethe  (10,Sec#95)*   Curves 
for  range  vs  energy  for  protons  and  ot-part icles ,  and  curves   t 
giving  the  mean  rate  of  energy  loss  per  cm,  at  energies  up"'  , 
to  15  Mev,  are  presented,  based  on  an  analysis  of  the  experi- 


"is. . 


iS^ 


l'> 


mental  and  theoretical  results  up  to  that  time  (1937). 


■-   C  ',     , .  •  *  '  ".  »^ ' 


f. 


In  review,  we  may  say  that  satisfactory  answers  are  - 

"  !  -  '  ■■■■ 

available  to  the  first  problem  mentioned  in  Section  1,  that 
of  determining  the  function  XC^) ^    and  that  a  satisfactory 
solutioni  that  of  Landau  (3),  is  available  for  the  second 
problem  as  applied  to  high  energy  mesons  for  small  thicknesses 
of  material.   The  determination  of  FC£jt)    when  terms  of  the 
order  of  i/f^   can  no  longer  be  neglected i  and  when  account  is^ 
taken  of  the  variations  in  }LC^)   witja  the  decreasing  kinetic 
energy  of  the  meson,  is  to  be  attempted  in  the  present  thesis. 


^.1*" 


will  be  applicable  to  mesons  of  any  spin  within  the  range  of 
energies  treated  in  this  thesis  (1  Mev  to  1000  Mev  for  mesons 
of  200  electron  masses).   Chapter  II  closes  with  a  discussion 
Of  the  importance  of  other  modes  of  energy  loss  (collision 
with  nuclei,  radiation)  and  their  effect  on  the  accuracy  of 

the  re suit s* 


10 


3.  Outline  of  Thesis^ 

In  Chapter  II,  a  sketch  is  given  of  the  methods  by  which 

cross  sections  for  meson  electron  collisions  are  computed 
using  relativistic  quantum  theory.   The  results  for  collisions 
of  electrons,  positrons,  and  mesons  of  spin  0,  spin  ;!,  and 

I  ■ 

'  ;.  ■-■/•."■..  V  -■■•-''    *       ■ 

spin  1  are  summarized  in  the  form  in  which  they  will  be  needed  ^  / 
later.   It  is  pointed  out  that  differences  due  to  spin  are 
unimportant  except  for  meson  energies  of  the  order  of  20  Bev 
or  greater,  where  it  is  not  certain  that  the  present  theory  is 
correct  (4, p. 245).   The  formulas  for  the  scalar  meson  will       , 
therefore  be  used  in  the  later  calculations,  and  the  results    . 


: ''  ,v- 


I 


■'::■'.  h  i  ^h?""'i  ■  '  '  'i  ,  ,  -■  '■•  '1  .  TTi^V  - '  T-   ■'-       ■    - ;  r'^2."  -  ■■■< 
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A  discussion  of  the  system  of  units  to  be  used  in  the 
remainder  of  the  thesis  will  be  found  at  the  beginning  of  v 

w 

Chapter  III.   The  system  of  units,  and  definitions  of  all  ^ 
special  symbols  used  throughout  are  collected  for  reference 
in  Tables  1  and  2  at  the  end  of  the  thesis*   In  Section  9, 
the  fundamental  integro-diff erentlal  equation  governing  the 
probability  function  f(£^t)  ,  (which  v^ill  be  called  the  »'energy 
loss  distribution*' )  I  is  derived*   The  treatment  of  this  equa- 
tion falls  into  two  parts,  corresponding  to  Chapters  III  and 
IV.   Chapter  III  is  concerned  with  the  case  when  the  function 
'ii(£0  i    (which  vvill  be  called  the  ''collision  spectrum*'),  is 


/  .  i 


mi 


independent  of  the  energy^  of  the  incident  particle  Cover 
the  range  of  energies^  to  ^-£,  where  £  is  the  energy  lost). 

The  problem  can  then  be  solved  rigorously.   The  general  solu- 

'  -   '■   ■ 

tion  for  PCSjt)   is  derived  in  terras  of  a  Laplace  transform, 
for  the  case  where  X(^^    is  independent  of  ^    but  may  depend 
on  the  depth  t   in  ^'i3  material*   The  remainder  of  Chapter  III 
is  concerned  with  the  inversion  of  this  Laplace  transform* 
The  special  case  when  Landau's  assumptions  are  valid  (Ismail, 
see  Section  2)  is  discussed,  and  the  formula  for  the  Laplace 

^  a  — 

transform,  of  ^  is  derived*   The  opposite  case  when  t   is  large, 
and  the  distrioution  in  energy  loss  is  nearly  uaussian,  can 
be  treated  oy  an  expansion  in  terms  of  the  Gauss  function 
and  its  derivatives  (iidgeworth,  or  Gram-Gharlier  expansion); 
this  is  essentially  an  asymptotic  expansion  in  powers  of  C   « 
The  general  relations  are  derived  between  the  moments  of  ^he 
collision  spectrum  Jif6rO  and  the  semi-invariants  and  moments 


.^'V 


-■'  •  •-  '■■-'■■ 


i.^^y.: 


>,;•<.  "  ■■  ■•■  ■  -^v  -■  'J-  ■'  — :  -. 
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/  '  ■     •     ■■ 

of  the  energy  loss  distribution  fi£^t).      These  relations  were 
already  known  and  have  been  discussed  by  Cramer  (19).   They.  c^V 
are  valid  for  ail  values  of  ^,  out  the  Edgeworth  expansion  based 
on  them  is  only  useful  for  large  values  of  'i'.    '        '     \,  . 
A  modification  of  the  Edgeworth  expansion  is  presented, 
based  on  the  connection  between  the  Edgeworth  expansion  and 
the  saddle-point  method,  which  gives  a  series  asymptotically 
valid  for  large  values  of  ]t,  but  ilso  useful  when  i   is  small#  j 
By  this  means  it  is  possible  to  locate  the  position  £fi   of  the 
peak  of  the  curve  P(£jt)  v^r^   accurately,  even  in  the  limit- 
ing case  of  very  small  t   (Landau  curve),  and  to  get  a  fairly 
good  approximation  to  the  shape  of  t.he  curve.   The  modified 
Edgeworth  expansion  leads  naturally  to  the  introduction  of  a 
set  of  v/eighted  moments  computed  afx.er  multiplying  P(i,t)   by 
an  exponential  weight  factor  which  emphasizes  values  of^C-  near 
the  peak  £s?  and  reduces  the  tail  of  the  curve  for  larger  values 
of  £•   These  weighted  moments  are  better  suited  to  characterize  \ 
the  curves  for  small  values  of  u    than  the  ordinary  unweighted    i 
moments,  and  reduce  to  the  unweighted  moments  for  large  values' 


/ 


of  t.      Other  methods  are  outlined,  similar  to  those  used  by 
Williams  (2),  which  are  useful  in  determining  ri£,tj   when 
/^("^J  differs  slie;htly  from  a  function  7^  C^^)   for  which  the 
energy  loss  distribution  is  known. 

All  these  methods,  together  with  the  results  of  Landau, 
are  finally  combined  in  the  calculation  of  a  family  of  dis- 
tribution curves  F(£,t)   and  fF(£,t)JL   .      (See  Fig.2.)  These 
curves  are  characterized  by  a  single  parameter,  the  "weighted 
skewness'',  and  they  extend  from  the  limiting  case  of  small 


■Li">".]«^i,W  I  il^|P*,M"  .M'.-"  '■>'l»"l 


li^ 
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(Landau  curve)  to  that  of  large  t   (Gaussian  curve).   It  is 
shown  that,  to  a  sufficient  degree  of  approximation,  any  P(£^t) 
can  be  represented  by  one  of  the  curves  of  this  family  if 
the  weighted  skewness,  the  most  probable  energy  loss  £d^  and 
the 'appropriate  energy  loss  scale  factor  (the  weighted  fluc- 
tuation), are  properly  chosen.   This  result  holds  whenever 
r(€.jt)   is  a  solution  corresponding  to  a  function  eLl^J  of    the 
form  derived  for  incident  scalar  mesons,  and  when  the  depen- 
dence of  X^CS^?  on   the  energy^  lost  by  the  meson  is  neglected. 


It  holds  in  spite  of  the  fact  that  the  form  of  ^(^-^  is  so 


me 


I   \ 


what  different  for  different  ^nitial  meson  energies,  although 
this  difference  must  of  course  be  taken  into  account  in  choos- 
ing the  appropriate  skewness,  £© ,  and  scale  factor.   Curves 

i  • 

t  -■ 

are  given  for  the  determination  of   theai  v'.ree  "weii^Iited**     I 
parameters  for  any  initial  energy  and  thickness,  (within  the 
ranges  for  which  the  approximations  made  are  valid),  and  for 


determining  the  weighted  parameters  from  the  unv^eighted  para 

and  vice  versa. 


me 


ters  (  r.  (Uip)'''  ,  (^/(l-^f'   ) . 


If  we  make  the  plausiole  assumption  that  when  the  varia- 
tion of  iJ:?r^C?  with  £   is  taken  into  account,  the  curves  of 
Chapter  III  may  still  oe  used  provided  the  parameters  are 
properly  chosen,  it  remains  only  to  determine  the  parameters 
in  order  to  have  a  solution  for  all  thicknesses  t.      In  Chapter 

IV,  equations  of  motion  for  the  unweighted  moments  f,  (^^J     ,  . 



(a£)    ,    etc.,  are  derived,  which  are  valid  when  (s^Qcf   is  a 

function  also  of  £♦   These  equations  can  oe  solved  explicitly, 
if  terms  involving  higher  than  first  derivatives  of /o  with 
respect  to  care  neglected.   The  resulting  solutions  are  valid 


!'li^ 


-A 
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/ 3)^ 

as  long  as  \(^f)  J    ^^  ^  $    !•  ^*  ^P  ^^   about  90^  of  the  range 

for  mesons.   (Formulas  previously  given  for  (A€)     by  Bohr  (1) 

and  quoted  by  Bethe  and  Livingston  (10)  neglect  also  the  first 

derivatives  of  J^,  and  are  valid  only  as  long  as  £^^^.)     Curves 

{    ' 
are  given  from  whiph  the  three  unweighted  parameters  may  be 

determined  for  meson  energies  from  1  Mev  to  1000  Mev.   These 

may  then  be  used  with.  i.  the  curves  of  Chapter  III  to  determine 

F(£.t)*      The  curves  are  also  applicaole  to  protons  from  about 

■  t 

1    :  ,     ■ 

10  Mev  to  10  3ev.    ■• 

Chapter  V  begini^ with  a  discussion  of  distri outions 
related  to  rC£jt)^    such  as  the  distribution  in  distances 
traversed  in  losing  a  given  amount  of  energy,  in  particular, 
the  distribution  in  range  of  particles  of  given  initial  energy; 
and  the  probability  distribution  of  the  initial  energy,  ^iven 
the  depth  and  final  energy,  or  given  the  range*   It  is  shown 


that  all  these  distributions  can  be  derived  if  r(€/^)   is  kno 


wn. 


Formulas  for  the  range,  fluctuation  in  range,  and  skewness  in 
range  distribution  are  derived,  and  curves  are  given*  The 
formulas  for  the  first  two  of  these  quantities  were  previously 
derived  by  Bohr  (1),  and  are  quoted  by  Bethe  and  Livingston  (10). 
Chapter  V  closes  with  a  discussion  of  extensions  and  other 
application,  of  the  methods  used,  and  a  summary  of  the  results 
obtained.   A  set  of  instructions  for  the  use  of  the  curves  is  ^ 


7 


): 


iven,  and  a  specific  example  is  worked  out. 


/:« 


/ 


CKAPTEH  II     1 
COLLISION  CROSS  SECTIONS 


4,  Meson  and  Free  Electron. 
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The  first  satisfactory  relativistic  treatment  of  the 
interaction  of  two  charged  particles  is  due  to  Mfz^ller  (11), 
who  calculated  the  collision  cross  section  for  two  electrons, 
to  a  first  approximation  in  an  expansion  in  powers  of  the 

/ 

electronic  charge  fi,  the  first  non-vanishing  term  in  the 
interaction  being  of  order  fi  •   The  method  is  described  by 
Heitler  (2C,Sec*lC),  who  carries  it  to  the  point  of  obtain- 
ing  the  complete  matrix  element  of  the  interaction  energy 
for  the  collision  of  two  electrons.   The  cross  section  is 
then  readily  obtained  frcrr.  the  usual  perturbation  theory 
formula  for  the  probability  of  the  corresponding  transition. 
The  electromagnetic  field  of  two  charged  particles  can 
be  separated  into  a  longitudinal  and  a  transverse  part  (2C). 


I  d 


The  longitudinal  part  gives  rise  to  the  ordinary  electro- 

static  interaction  whose  matrix  element  is  readily  calculated 

In 
The  interaction  due  to  the  transverse  part  of  the  field  mu3\ 

be  treated-  as  a  two  step  ^recess  in  which  one  particle  first 

emits  a  light  quantum,  which  is  then  absorbed  oy    the  other 

particle*   The  matrix  element  for  this  two  step  process  is  • 

calculated  using-  the  second  order  perturbation  theory,  and  ^ 

added  to  the  matrixjS^lement  of  the  electrostatic  interaction 


^: 


energy    to  obtain  tr^e  total  matrix  element  for  the  collision 
process. 


'V.' 


/  , 
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Th&  method  is  readily  applied  to  the  in^e^i^,ction  of  any  i 

two  charged  particles  for  each  of  krt/hich  the  exprt^ssion  for  the 
interaction  v^/ith  the  electromagnetic  field  is.  known*   The 
result,  according  to  3habha  (14.),  for  the  cross  section  for  a 
collision  of  a  meson  of  spin  0  with  a  stationary  /ree  electron, 


in  which  the  rr-eson  loses  an  amount  of  energy  between 
ifV*/^'  is: 


J.  =  '^':'^gr'Y:£O-i(077i 


and 


Yv 


'he  re  : 


4*1 


^' 


classical  radius  of  the  electron 


A 


-  fnc^    = 


rest  energy  of  electron 


/^  = 


rest  energy  of  meson 


t    !  I 
i 


/S  -  ^/c 


for  meson  before  collision 


total  energy  of  meson  oefore  collision 


^J 


s'  = 


ener^jy  lost  by  meson  in  collision 


,  ■; 


fTiciXimum   vaxue    of    sr 
allowed    bv   conservdii on 

laws 


Since^/ii '>w  C.005    for    mesons,     the    terir^s 


in    f^/i 


n   ^.l    are 


•r 


f  V  i^if  .f  -  -  fi:i':;^7v  ■ 
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negligible,    and    we   rnay   write: 


Jr   = 


4.2 


if: 


^* 


i--/ 


4.3 


The  corresponding  formula  for  mesons  of  spin  \    (or 
protons)  was  also  given  bj'  Bhaoha  (14),  and  by  Massey  and. 
Oorben  (15),  and  is,  according  to  Rossi  and  G-reisen  (4): 


•a 


^^--n'f.^^:[>-^%^iC^^TJ 


4.4 


The    formula    for    mesons    of    spin    1    Vv'as    given    oy  Massey    axid 


^  -^  ^.\    . 


Corben  v-S;  and  b   Oppenheimer,  ^Ti.^jd.'^^T  ^    end  '^'z^t\>^t ^    (16),  and 


is,  according  t.o  C4>: 


/  /,  \  . 


-^^  =  ^n^  ^'  ^f'A'y'if  >^^^'; 


/  ^a 


.  .^  r^;T'  ^  m 


4:#  0 


wnere  : 


f 


/- 


/^' 


•i.K  / 


c  X  10-^^'  ov  ,  fji-  mt'irjon^. 


It  vvlii  \j*t    uDtiefvcd  bUal  4,o,  4.4,  Mnd  4.0  differ  only 


for  lar^e  values  of  ^  •   For  the  limit  of  very  small  anc  very 
lar^e  energies.',  uhe  maximum  energy    loss  i^\^oecomes: 


£'    ~ 

th 


=  ^.  02  ^ 


(^k«/^) 


(mesons) 


4.6 
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f 

7m 


( 


o 


A.l 


Thus  only  for  very  high  energies  can  ^     be  large  enough  zo 
result  in  a  significant  difference  between  the  cross  sections 
for  different  spins* 


5*  Meson  and  Atom. 


The  collision  of  a  fast  charged  particle  wiLh  an  atom 
can  oe  treated  approximately  using  the  Born  approximation. 
This  has  been  done,  using  non-relativist ic  quantum  theory, 

:  I 

Oj   Bethe  (12),  (13),  who  finds,  for  the  cross  section  for  a 

,1 

collision  of  a  fast  charged  ^article  v/ith  an  atom,  in  which 
the  atom  is  left  in  a  particular  excited  state  JX    and  the    \ 

4 

incident  pa^rticle  loses  an  amount  of  momentum  between  ^/T  and 
^JiK'^AKX    the  formula: 


I      I 


<5;  (,K)^K  = 


tn'' 


SI '.^4 


where ; 


//?•/? 


eoJ^)  =  Z-Jc'"  ''t(...t^tX.n^ 


s=l 


..•   •••   ^'s    '** 


5.1 


V 


ana  : 


resL  energy  of  incident  particle 

initial  momentum  of  incident  particle 

* 

position  coordinate  of  sth  atomic  electron  ^ 


■■      TT-  '  ^--?^^t."  -~-'4'?»^iT 


<*       • 


u^j^    -J  \ \^     wave  function  of  atom  in  initial 

T^K*..rl^..)  (ground)  state  ,  / 

'^  j^  ('•••^••J  —   wave  function  of  atom  in  final  state 

/ 

Evidently  if  K  is  large  compared  with  the  momenta  of  the 
atomic  electrons,  then  6^^^    will  be  very  small  unless  one  of 


c^ 


tlie  electrons  in  the  final  state  has  a  momentum  differing  from 
Xfl  by  an  amount  not  much  greater  than  the  initial  momentum  of 
that  electron,  i.e.,  unless  one  of  the  atomic  electrons 
acquires  practically  all  the  momentum  given  up  by  the  incident 
particle.   The  cross  section  is  then  essentially  the  same  as 
if  this  electron  alone  were  present,  and  the  total  momentum 
of  the  incident  particle  and  this  one  electron  is  conserved* 
Thus  we  may  expect,  as  seems  reasonable  on  physical  grounds, 
that  collisions  in  which  an  atomic  electron  receives  an  energy 
large  compared  v,ith  its  t)indin^  energy  may  be  treated  as  if 
the  electron  were  free.   For  such  collisions,  the  formulas  of 
Section  4  are  valid.   The  enQVi^y   lost  oy  the  incident  particle 
is  of  course  in  all  cases  e  .^ual  to  the  excitation  enerii,Y   ^^ 
the  final  state  of  the  atom. 


19 


\ 


^1 


Let  us  set: 


i  ui 


a  = 


rJ( 


^. 


R 


.2 


Then,  integrating  5.1  overQi  '^'^'^  have  for  the  total  cross 
section  for  excitation  of  the  /ith  atomic  state: 


r- ■ .-  *^iV-,,'' '  .'  r*-^   -  \y-  ' 


^if^:z'-*,    -vvi- 
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= -^.'W^OI'il' 


«N 


5.3 


Ctf  -  ^^  for  the  incident  particle.  )   The  dependence  of  ^ 
on  the  excitation  energy  /:      is  complicated  and  varies  from 
one  kind  of  atom  to  another,  except  wh^n  £^   is  large  compared 
with  the  binding  energies  of  the  atomic  electrons  when  the 

formulas  of  Section  4  are  valid. 

^     ..  |-  ^ 

The  average  energy  loss  per  cm  in  a  material  of  density 

-  ■  •  .  ,  -4  -f 

I  •  ^ 

yt),  atomic  weight  ^,  due  to  collisions  with  atoms  will  be: 


-ff-^^^^-^^ 


5.4 


(/!/=■  Avogadro's  number  =  6,02  x  10 ^'^  atoms/mole.) 
For  hydrogen,  Bethe  (12)  has  carried  out  this  summation  numer- 
ically,  and  finds,  for  the  total  rate  of  energy  loss  by  ioni- 
zation and  excitation: 


-^  =  .r.'A/^  'f^C-M) 


5.5 


For  complex  atoms,  5.4  can  be  evaluated  by  inverting  the  order 
of  integration  over  d   and  summation  over  7i ,  and  using  a  sum 
rule  derived  by  Bethe  (12)  which  is  a  generalization  of  the 
sum  rule  for  the  matrix*  elements  6op^    which  occur  in  the  theory 
of  optical  transitions^   The  result  is  that  if  we  define  a 
suitable  average  ionization  potential-^  ,  we  can  write  for 
any  kind  of  atom: 


-*/^^ 


.^'-'r'^.^/^F^^ 


5.6 


31och  (37)  has  arrived  at  a  similar  formula  for  collisions 


of  a  charged  particle  with  a  Fermi-Thomas  statistical  atom. 


In  Bloch's  formula,  JQ  is  replaced  by  TLRI^Zi   where  <<'/ is  a  number 
whose  value  has  not  yet  been  calculated^   3ut  Bloch  showed  that 

•  ,    ,  -    '        '   >  .  -  ---"   >-.    -"-  •■   r    •      '^  ■ 

■  %  '  •         - 

\  __ 

the  2.   dependence  of  S^    as  given  by  his  formula  agrees  with  the 
experimental  results  for  the  stopping  of  fast  electrons. 


According  to  Bloch, 


in  5.6  is  given  to  a  sufficient  approxi- 


mation by: 


I^   =  13. S-  Z   ev 


5.7 


The   correct  relativistic  gieneraiization  of   5.6  is   (13), 


(13): 


-J?    =    ^^^'M 


5.8 


.S  is  valid  for  an  incident  pdrticle  of  any  spin  provided  its 


energy  is  not  too  nit,h. 
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Bethe  (1?)  has  shown  that  the  quantity: 


V 


z  i:v. 


5.9 


can   also    be    evaluated    by    inverting    the    order    of    sumraation   over 

■  .  ,   ' 

yi   and  integration  over  Q,^    and  usin^  the  generalised  sum  rule. 


\ 


/ 


The  method  is  outlined,  and  the  result  given,  in  a  review  article 
by  Livingston  and  3ethe  ( 10  ,]:;•  232 ).   This  qMh't}ity  is  im^jortant  '  • 
in  determining  the  fluctuations  in  energy  Icj^S-,  as  will  be 
ohcwn  later#;|l-  Exce^>t  at  low  energies  of  the  incident  particle, 
the  principal  contributions  to  the  sum  5«9  will  come  from  colli- 
sions  for^^ich  S     is  large  compared  with  the  ionization  poten- 


tials,  sot3|^at  4.2  can  oe  used  to  evaluate  it. 


4.  .•^-- 


^^.&-w..^..-^v...^v.«- 
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6.  The  Collision  Spectrum>  ^f^>u^   •¥  ^^^'-^^    ^   *      f 


The  most  convenient  way  of  expressing  the  results  of  the 
two  preceding  sections,  for  purposes  of  the  developments  to j 
follow,  is  in  terms  of  the  "collision  spectrum"  ^(^fS/.      The 
collision  spectrum  is  a  function' characteristic  of  the  iorU- 
zing  particle  and  the  material  through  which  it  is  passing. -^^ 
It  is  defined  by  requiring  that: 

fC\^/^/d^jglT    :=   probability  that  in  going  a  distance  dt 

a  particle  of  total  energy  ^will     , 
suffer  a  collision  in  which  it  loses  ^ 
an  amount  of  energy  between  £'^   and 
^'^  J^\  .6.1 


The  number  of  atoms  per  square  centimeter  in  the  patH  <> 

-         *.  "        .-  ■  - 

of  a  particle  traversing  a  thickness  dt   of  material  of  density 
p   and  atomic  weight  A   is:  '  . 


v 


.i  ■• 


N  ^  If  ^  ' 

vv'here  Af  is  Avogadro^s  number.   If  the  de3roglie  wave  length 
of  the  particle  is  short  compared  with  the  interatomic 
distances,  then  the  probability  6»1  is  just  the  sum  of  the 
probabilities  for  collisions  with  the  individual  atoms: 

* 

Using  the  formula  4.2,  we  have,  for  S    large  compared  with 
the  ionization  potenticilb  of  all  electrons  in  the  atoms,  and 
for  mesons  of  spin  O: 

^ . ._ • 

'^    It  may  also  be  a  function  of  position  in  the  material  if 
the  material  is  inhomogeneous.        -']:''  ^^'-^.k:.      ''^  y^'^ ' "' 
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(For  £<^Ci*     }t(^j^} '^  0   for  £>S^.)   For  mesons  J  or  protons) 

of  spin  tt   vv^  have,  by  4#4: 


I 


M(./^J   -  rrr.^'^^/>'^^d'-fi-i(4.T] 


For  mesons  of  spin  1,  by  4*5: 


V 


i%     ^a 


6.4 


6.5 


V 


For  collisions  in  which  ^  is  comparable  with  the  ioniza- 
tion potentials,  we  have  no  simple  formula  for  ^(^/^^  ,    our 

according  to  5.8,  we  have: 


j%<.:.^,.'-,.,^.^,^^^y^i^^  -/^ 


6.6 


If  yj    is  an  energy  large  compared  with  the  ionization  potentials 
of  the  atomic  electrons,  ^•'ve  have,  by  6.3  (for  spin  0,  or  any 


spin  if  it  is  not  too  large); 


^P'ii(^:s)u'  -  nn^,ji^  Mi  /^  {L  .^y 


6.7 


V»hen 


/*• 


I  ,    vve    have,    by    4.3: 


<  =^/*.if^.-i)  =  i^'-j^^ 


6.8 


/ 


-/ 


In^  this   case  : 


^/-..r^^yy^'-  nn^Nfp^LJ^i^  -^^ 


Comparing   this    with    5.6,    we    have: 


6.9 


.  •^'  IT**^  ■  r' *•  ^i"^  "^  TT-T  ■  -  't       K- 


^:- 
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\      1 


Formula  6.9  depends  only  on  the  velocity  of  the  incident   . 
particle,  and  not  on  its  mass,  ^He    may  expect  that  the  proba- 


bility of  small  energy  transfers 


for. any  fast  particle  will 


^ 


depend  only  on  its  velocity  (and  charge),  and  not  on  its  mass 

a  ^  -  •■ 

or  spin.   Since  for  any  value  ot  /?  ,    and  any  spin,  we  can 

» 

■t 

choose  It  large  enough  so  that  the  assumptions  made  in  deriv- 
ing  6#9  are  valid,  we  may  suppose  that  6#9  is  valid  for  mesons' 
of  any  spin  or  velocity,  provided  ^   is  not  too  large^   (7f  must, 
however,  be  large  compared  viith  the  ionization  potentials  of 
the  atomic  electrons.) 

Formula  6*2  neglects  interference  effects  between  the 
de  3roglie  waves  scattered  from  different  atoms.   The  de  liroglie 
wavelength  for  a  meson  at  low  velocities  is: 


i:  = 


6.10 


0,00  2 ij/^ 


J^  ^ 


-£ 


.r,i 


\ 


The  spacing  between  atoms  in  a  solid  is  of  the  order  of 
0*5  S,  so  that  the  condition  that  /|^  be  small  compared  v/ith  , 
the  atomic  spacing  is  well  satisfied  for  mesons  ^^-^v^0#005) 


'^ 


down  to  energies  ^"^ 
only  1000  ev. 


10'^ 


,  i.e.  down  to  meson  energies  of 


-  ^  ,-■ 


Formulas  6.3  -  6.9  must  be  modified  when  ^i^  is  comparaMe 
with  the  ionization  potentials  of  the  innermost  atomic  electrons. 
This  case  is  discussed  in  detail  by  Bethe  and  Livingston  (10., 


/  ! 


:«- 


h^ 


'^'V/'i:   -\.1^VV- 


•.:T^^'y*-  ^^yir^' 


•?•' 
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/ 


Chap.XVI).   For  the  present  parfjose  it  will  be  a  gjod  enough 
approximation  to  replace  the  factor  Z  in  these  formulas  by  the 
''effective  number  of  electrons"  z\      The  latter  may  be  defined 
as  the  total  oscillator  strength  of  all  the  electrons  for 
v/hich  the  ionization  potential  is  less  than  x  ^;>|  •   The  V' 
ionization  potentials  of  the  inner  electrons  may  be  taken  to  be: 


»  I 


^     i 


>* 


71,  Z 


n 


ev 


6.11 


where  there  are  2  electrons  with'?»t=l,  8  with  7is  2,  etc.  The 
innermost  electrons  have  an  average  oscillator  strength  of 
about  O.e  apiece*   At  low  energies:         ,  ^ 


sL  =»^- 


*» 


6.12 


For  1  Mev  mesons  (/L  =  40,000  ev)  traversing  leadi  only  the' 

\ 

inner  two  shells  (K,L)  have  a  binding  energy  greater  than 


i_  ^/ 


'f^ftq*      The  oscillator  strength  of  these  10  electrons  is  6, 
so  we  should  use  Z    =  76,  instead  of  82,  a  correction  of  1%. 
For  higher  energies  or  materials  of  lower  atomic  number,  the 
correction  is  even  less*   This  correction  to  the  effective  21 
will  be  ignored  in  the  remainder  of  this  thesis.   If  necessary, 
it  can  easily  be  applied. 

•a 

Formulas  5.4  and  6.5  differ  only  negligibly  from  6. 3 
except  when  the  energy  loss  ^  in  a  single  collision  is 


comparable  with  the  total  energy^   This  can  only  occur 
for  large  energies  ^of  the  meson,  and  within  the  range  of ^  _ 
energies  to  be  studied  in  this  thesis,  6#3  is  a  sufficiently 
good  approximation  for  mesons  of  any  spin.   To  verify  this. 


■<>•■  < 


-> 


%.  -  '     Xl 
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l  ^i^-dM/  --^^ 


we  compute  the  correction  to  the  third  moment  of  the  collision 
spectrum,  which  is  the  highest  moment  that  is  important  in 
later  computations.   For  mesons  of  spin  t$    the  third  moment  is: 


/>M^j^'''^*'^^^<^[i-P'H(0] 


6,13 


.* 


I  -  y 


Vi-   .  1 


The  last  term  in  the  brackets  is  the  correction  due  to  spin# 
For  moderate  energies,  we  can  use  equation  6«8;  for  larger 
energies,  if,,,  is  even  smaller*   Substituting  6«8  in  6#13: 


1  A,. 


At  ^  zz    10,  the  correction  due  to  spin  is  only  0,75^,  for 
mesons  (>»  -  ZOOMm.")*      For  mesons  of  spin  1,  we  have: 


6.14 


6t 


-  S  Ji  Jt> 


'(^-i) 


6.15 


* 


=r/^./7^^     (foi-^^n) 


\ 


Therefore    the   terms 


in     f£^    in   6. 


-■^^ 


5   can  be   neglected   for 


Z^^  f   10yi4.      The   corrections   for   spin  1    then   become   practically 
the    same    ae    ^ov   B])in   ^,    and   can   therefore    be    neglectf^d    witliin 

Ihf'    rnn^H^    of    onor^-.loft    to    hv    otudlncU        Tlu?    i4>li\    cor  rt?ot  long 

txro    upon    uo   Home   Uoubi    nnywny,    aa    tli.^y    Invulvo    the   aaauiiipLi  on 


■\ 
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i: 


V- 


_,*. 


of  the  usual  equations  for  the  electromagnetic  field  of  .the 


.jt  -; 


meson  down  to  distances  smaller  than  10 
center  (4,p#245. ) 


-13 


>'■'_)::<-(;=> 


cm  from  its 


^ 

kr 


7.  Other  Modes  of  Energy  Loss» 


Formulas  for  the  i^robability  of  energy  loss  by  radiation, 
as  computed  for  mesons  by  Christy  and  Kusaka  (36),  are  summar- 
ized by  Rossi  and  Jreisen  (4,p.256)«   A  table  of  the  total 

energy   loss  by  radiation,  in  comparison  with  the  loss  by^  '  / 
collisions,  for  mesons,  protons,  and  electrons  of  various^ 
energies  and  in  various  materials,  has  been  given  by  Bhabha 
(|4).   For  mesons,  the  total  energy  loss  by  radiation  is 


'.^A  - 


negligible  except  at  very  high  energies,  amounting  to  about 
one  percent  of  the  loss  by  collisions  at  1000  Mev  in  lead,  and 
at  10,000  Mev  in  water*   For  protons,  the  energy  loss  by 
radiation  is  even  smaller,  being  entirely  negligible  up  to 
10,000  Kev  in  lead,  and  up  to  10^  Mev  in  water*   Therefore 
the  effect  of  radiation  on  the  average  energy  loss  of  mesons  ^ 
or  protons  can  be  neglected  within  the  energy  range  to  be 

studied  here*   (Up  to  1000  Mev  for  mesons,  or  10,000  Mev 

'      '  *  ■  •     , 

for  protons. ) ;  r 

■  ■•.  •     •   i 

,'■■<-■'  I 

/  In  estimating  the  effect  of  radiation  losses  on  the      \ 
fluctuations  in  energy  loss,  we  consider  first  those  radia- 
tion processes  in  which  the  radiated  photon  has  an  energy 
less  than  ^.   Designating  the  energy  lost  in  a  single 


v  >_ 


radiation  process  oy  £'  ,  we  define  the  fractional  energy 


loss  w   by : 


IT  -  ^ 


^^ 


^'  v. 


7.1 


r 


\' 
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Let  <pCvfJir   be  the  probability  per  unit  distance  of  a  fractional 
energy   loss  between  IT   and  l/'+di^*      For  the  present  purpose,  it 
Villi  be  a  sufficiently  good  approximation  to  set: 


(fxv?  - 


KC^) 


7.2 


The  total  overage  enerj^y  loss  per  unit  distance  by  radiation 


in  thon : 


( 


/ 


JuF<f>U)^u-   =  Ki^) 


7.3 


The  function  n(^y   can  be  determined  from  the  table  given  by 

3habha  (14).  The  contribution  of  radiation  processes  for  ^ 

which  £££/ff  to  the  third  moment  of  the  energy  loss  spectrum 

is:  ' 


s& 


'i/. 


.*r 


//  MCl'? 


'  i  \   • 


vv 


Usin£;    the    anoroximation    6,8,    tni  s    oecomes: 


7.4 


Ji^sJ^^MJr   =  iCi/^ef  {/*'{) 


HU) 


7.5 


For  loco  Mev  mesons  (£r=.ll),  K(^^ in   lead,  accordinii  to 
3habha  (14),  is  0.17  Mev/cm,  so  that  7.5  becomes: 

(w£)  6Md^    zL      100  L^M^    cm-1   (ig"  sr  loco  Mev  in  lead)  7»6 


At  the  same  energy,  in  lead,  6»3  yields: 


1 


I  1 
I 


.;r 


*  J- A 


Js'^x(^;s)js'^  iTK^Nfi,  (^/^ef(^^')  t;^ 


-  yf^>^  ^3/^^^  cm-^ 


( 


•^2:  loco  Mev  in  lead)  1.1 


I 

I 


1\ 


^ 
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The  correction  to  7.7  due  to  7.6  amounts  to  only 


o  • 


For 


lower  energies  or  material  of  lower  atomic  number,  the 
correction  would  be  even  less.   Therefore  the  effect  of 
radiation  losses  for  which  S^^fj^   can  be  neglected  within 
the  range  of  meson  energies  to  be  studied.' 

j  .     : 

The  number  of  radiation  processes  per  unit  distance 
for  Vi/hich  £'^>  £^^    is: 


<? 


H(^) 


ir     - 


^4 


J.  K(£)  „    4:  ^^ 


\ 


=   4  X  10"^  cm"-'-  {£  ^   1000  Mev  in  lead)  7.8 

k 


>  • 


loss  at  all.   Those  particles  which  >  affer  a  loss  c     ^ £i 


The  range  of  1000  Mev  mesons  in  lead  is  only  about  66  cm,  so 

i  I 
,  I 

that  less  than  3^  of  the  mesdns  will  suffer  any  such  radiation 

jH  in 

going  a  distance  t   will  in  general  suffer  a  total  energy  loss  . 
£,  due  to  radiation  and  collisions,  which  is  greater  than 
any  particle  is  likely  to  suffer  due  to  collision  losses  a:}.one. 
V.    Hence  if  the  distribution  FC^,t)    in  energy  loss  £  due  to 

collisions  alone  is  determined,  the  effect  of  radiation  losses 
will  be  to  reduce  the  function  PCt^i:)   by  less  than  Z%   for 
all  values  of  £   for  which '/oCif^  has  an  appreciable  value, 
and  to  add  a  very  small  probability  to  rCCt)    for  large  values 
of  f.   In  other  words,  more  than  97^  of  the  mesons  will  be  * 
distributed  according  to  the  uncorrected  function  P(£,t)^    the 


The  correction  to  7*7  due  to  7«6  amounts  to  only 


'o  • 


For 


lower  energies  or  material  of  lower  atomic  number,  the 
correction  would  be  even  less.   Therefore  the  effect  of 
radiation  losses  for  which  /"^^^  can  be  neglected  within 


the  range  of  meson  energies  to  be  studied. 


I  ' 


The   number  of   radiation  processes  per  unit   distance 
for  vi/hich  £'^>  £Ji^^   is: 


29 


=   ,4  X  10"^  cm"-^  (^  -  1000  Mev  in  lead)  7.8 

k 

The  range  of  1000  Mev  mesons  in  lead  is  only  about  66  cm,  so 

-J 

that  leBs  than  3?^  of  the  mesons  will  suffer  any  such  radiation 
loss  at  all.  Those  particles  Ahich  suffer  a  loss  t     > ^^^   in 
going  a  distance  t   will  in  general  suffer  a  total  energy  loss 
£^    due  to  radiation  and  collisions,  which  is  greater  than 
any  particle  is  likely  to  suffer  due  to  collision  losses  alone. 
Hence  if  the  distribution  tCS^^t)    in  energy  loss  £  due  to 

collisions  alone  is  determined,  the  effect  of  radiation  losses 

•        *■.-■' 

will  be  to  reduce  the  function  PCt^i:)   by  less  than  3^  f or^ 
all  values  of  B   for  urAzla  r(£,t)    has  an  appreciable  value, 
and  to  add  a  very  small  probability  to  fC^^t)    for  large  values 
of  c.   In  other  words,  more  than  97^  of  the  mesons  will  be 
distributed  according  to  the  uncorrected  function  P(£,t)^    the  ; 


<  '•  I 


/ 


y 
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\..\ 


remaining  few  having  suffered  abnormally  large  energy  losses 
due  to  radiation*   Such  energy  losses  are  also  likely  to  be 


:^- 


associated  with  abnormally  large  angular  deflections. 

Trie  correction  to  the  second  and  third  moments  of  the 


energy  loss  spectrum  due  to  radiation  losses  for  whic 

may  be  considerable,  but  this  correction  should  not  be  made 

;t  ':-5^>.   •  ■'■•■■■     ■)-' 

if  these  moments  are  to  be  used  as  in  Chapters  III  and  IV  to 


Ht 


.%'■ 


determine  the  shape  of  the  main  portion  of  the  distribution 
curve  f(€jt).      The  curve  F(^,t)   should  first  be  determined 


■% 


as  in  Chapters  III  and  IV,  neglecting  radiation  losses  entirely, 
or,  at  very  high  energies,  taking  radiation  losses  ^  ^ ^m   into 


*  t 


accounts   A  correction  for  the  remaining  radiation  losses  can 
then  be  made  by  assuming  a  probability  for  a  single  additional 
loss  in  energy  given  by  7.2,  or  by  the  more  accurate  formulas 
given  by  Rossi  and  Oreisen  (4)«   This  procedure  will  give  a 
good  approximation  to  f(£ft)   so  long  as  the  average  energy 
loss  by  radiation  is  small  compared  with  the  loss  by  collision. 
A  meson  may  also  lose  energy  by  its  interaction  with  atomic 
nuclei*  Very  little  is  definitely  known  about  the  cross 
section  for  this  kind  of  energy  loss,  either  theoretically  or 
experimentally*   Apparently  no  experimental  evidence  for  this 

« 

kind  of  energy  loss  has  yet  been  found  (except  for  capture  of 
the  meson  by  the  nucleus)*   At  the  lowest  energies  to  be 

studied  in  this  thesis  (IMev),  the  meson  wave  length  is  only 
about  lO"-'-^  cm,  so  that  the  cross  section  for  any  interaction 
with  the  nucleus  can  hardly  b^  greater  than  the  geometrical 
cross  section  of  the  nucleus,  i.e#  about  10"24  ^^z^      For  a 
cross  section  of  10"24  cm2,  the  number  of  processes  taking 


1'  * 


\ 


place   per  unit    distance    is: 


A  r 


X  iO     cm 


'I 


0.03  Cm      (tetul  *t  ^t^ter)         7.9 


^^S.^ 


A,sn.--,*V>-^  ■)■' 


The  number  of  such  processes  is  thus  less  than  about  0«03  cm 


-1 


for  almost  any  solid  or  liquid*   The  fact  that  such  processes 

have  not  been  observed  suggests  that  the  number  is  actually 

i  .  ■   •  - 

considerably  smaller*   In  the  absence  of  further  information, 

it  is  impossible  to  determine  the  effect  of  nuclear  inter- 

I 
actions  on  the  energy  loss.   V/e  may  expect  that  collisions  in 

1 
vvhich  a  meson  loses  an  appreciable  amount  of  energy  due  to 

its  interaction  with  the  nuclear  particles  will  be  compara- 

■  /  ■     ■      j  -  ^  . 

lively  rare,  and  probably  associated  with  abnormally  large 

angular  deflections. 
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CHAPTER  III 


THE  FUNDAMENTAL  EQUATION      '•,-> 
AND  ITS  SOLUTION  FOR  A  CONSTANT  COLLISION  SPECTRUM 


>'  :'-   \ 


8*  Units  and  Notation* 
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^ 
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From  now  on^  we  will  use  the  following  system  of  unit:, 

i     «  ■  ;   -  ;  '   ' 

convenient  for  the  discussion  of  particles  of  cosmic  ray 


energies : 


Table  1 


System    of    Units 


Quantity 
Fundamental  Units: 

Length 

Velocity 

Energy 
Derived  or  Special  Units: 

Mass 

Density  of 
braking  material 

Path  length  in 
braking  material 


Unit 


Symbol 


Centimeter 


cm 


velocity  of  light   c 


electron-volt 


ev 


electron-volt/c2    ev/c^ 


gram  per  cubic 
centimeter 

collision  unit 


gm/cm^ 


Z   1 


•I 


» 


^ 


VVe  V. ill  use  the  follovving  symools^  most  of  which  have  been 
introduced  earlier: 


Table  2 
Partial  List  of  Symbols 
Quantity  Symool      "^' 

Mass  of  electron 


Value 


Mass    of    ionizing   particle 


5,109  X   10^   ev/c2 


xoa 


O^i 


(meson) 


ii| 


ft 


1 
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J 


Quantity 
Mass  ratio  factor 


Avogadro*s  number 

Classical  radius  of  electron  /J 

Density  of  braking  material  p 
in  gm/cm^  ' 


Symbol 

y 


Atomic  weight  of  braking 
material  in  gm  mole""-'- 


h 


Atomic  number  of  braking     Z 

material 


Path  length  of  ionizing 
particle  in  cm 

Path  length  of  ionizing  par 
tide  in  collision  units 


-  X 


Kinetic  energy  of  ionizing   ^^ 
particle 


Total  energy  of  ionizing 
particle 

Energy  lost  in  a  single 
collision 

Maximurr)  energy  which  can  be 
lost  in  a  single  collision 

Total  energy  loss 


£' 


m 


e 


Velocity  of  ionizing  particle  ^^ 


Value 


200 


(1   for  meson) 


6.024  X  10^"^  mole"-^ 


e^/      -     2.818  X   10"13  cm 


Tir.'-N^pt^OJ^off?^ 


XV" 


f^:-/;/r 


i+6.i>jr 


1 


t 


i 


\  \ 


f 


Additions  will'  be  made  to  this  table  from  time  to  time. 
The  complete  list  will  be  found  at  the  end  of  the  thesis* 

The  collision  unit  has  been  introduced  as  a  measure  of 
the  path  length  in  order  to  eliminate  numerical  factors 
from  the  formulas.   For  materials  with  more  than  one  kind 


of  atom,   >>|  is  to  be  taken  as  the  average  value  or  as 


w^ 
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for  a  molecule.   The  path  length  x  in  collision  units  is 
a  dimensionless  quantity  and  represents  the  average  number 


o 


f  electrons,  thought  of  as  spheres  of  radius  /J^  ,  through 


which  a  random  straight  line  of  length  T  will  pass#   For  a 
given  path  length  X$    the  mean  energy  lost  by  a  meson  is  nearly 
independent  of  the  kind  of  material  traversed^  With  this  nota- 
tion, the  probability  that  in  going  a  distance  dx    a  particle 
suffers  a  collision  in  which  it  loses  an  amount  of  energy  , 
between  S    and  ^  +  A^'  ^   may  be  written  (Sec»6): 


mo^£"JiK  = 


0 


B'yi. 


tn 


w 


here  6  is  given  by  2.6,  and  ^  is  an  energy  large  compared 


with  the  ionization  potentials  of  the  atomic  electrons,  i.e. 
about  10  ev*   Except  for  extremely  short  distances  X,  col- 
lisions for  which  ^^^V    occur  so  frequently  that  fluctuations 
due  to  them  may  be  neglected  and  we  may  assume  that  they  pro- 
duce  a  constant  rate  of  decline  in  the  energy  of  the  particle. 
(Unless  otherwise  specified,  the  term  "particle"  always  refers 
to  the  ionizing  particle.)   This  assump^ion  vvill  oe  made  in 
calculations  throughout  this  thesis;  terms  v^hich  are  uij) 
v/ill  accordingly  be  neglected  in  all  final  results.   As  a 
consequence,  the  numerical  results  obtained  are  valid  only 

when  r(£^X}    is  spread  over  a  range  of  £  values  large  compared 

.1      •       •  i'     .  .   • 
with  the  highest  atomic  resonance  level*   4#hen  X  is  so  small 

that  this  condition  is  not  satisfied,  the  calculated  curves 


•  «■ 


»•.# 


*^   s 


■r  ! 

f 
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/  f 


i       ' 


will  be  too  narrow,  the  fluctuation  too  small*   At  high  ^ 


x 


. .  J  \  ■ 


energies  (/L.»J!f),  the  condition  is  that  E  (Eq»Q-4,2*5)  be 
greater  than  the  highest  resonanoe  level#   This  condition  fails 

r 

only  when  x  is  a  very  small  fraction  of  the  total  range,  when 

I  ■,     :  i  .     ..       ■      .  i  .  '^     .  ~ 

the  curve  is  practically  a  single  scattering  curve*  At  low    ; 

H 
energies  (^J5y)i  the  condition  of  validity  may  fail  for 

larger  values  of  ^I  ^^  this  case  the  curve  will  be  approxi- 
mately Gaussian,  and  its  moments  can  be  calculated  from  the 
formulas  to  be  given  in  Section  12,  or  in  Chapter  IV,  when 
the  moments 'Of  the  collision  spectrum  A?  are  computed  by  the 
methods  sketched  in  Chapter  II,  Section  5.  '  \ 


The  term  ^fi^^/jE^     in  8»1  is  important  only  for  close 


collisions  where 


/  . 


is  an  appreciable  fraction  of 


Vifhen 


^^« I  %    this   term   is   always   negligiole;    the   curve    ^i^^-^^  then 


arm 


falls  abruptly  to  zero  at  S  ^j£^.      'iih.en  jfi^^  /  ^    this  t 
just  cancels  the  first  term  at  £-S^\     J^(^0  then    strike 
the  axis  at  a  small  angle.   Hereafter,  when  a  particular 


i»^^  —  /itt 


value  ot  £^   is  specified  in  referring  to  a  curve  (e.g.*V^^=: 
''A^zlI'^    in  Fig.  Id),  it  signifies  that  this  value  ofx^' 
used  in  the  second  term  in  8.1# 


was 


4 


-T*^ 


(  • 


9.  Derivation  of  the  Fundamental  Equation. 

In  deriving  the  fundamental  equation  for  PiC^x)  ,  it 
will  be  convenient  to  consider  a  very  large  number  /i  of 
particles  traversing  a  braking  medium  characterized  by  the 
collision  spectrum  itC^^^sK)   ,  where,  as  indicated,;*^  may 

'■'  -^   ■  iVh.  -■:-■  ■■:     ...  ~ 
i-  ..   ■         ■■  f-     ■  : 

depend  upon  the  path  length  X  in  the  medium,  and  on  the 


H  ^.•^..' 


\  ■  '^•*.v? .  ► 


X 


?  3 


,  \ 


I  !■ 


*t 


\i  I- 
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energy  iT  of  the  particles.  The  total  energy  lost  by  a  particle 
is  ^-^-^,  where  ^*  is  the  energy  of  the  particle  at  x^  0% 
/"its  energy  at  xV  For  a  given  ^*,  ^  may  be  written  as^^-^/^xyf^ 
and  this  form  will  be  used  throughout  unless  otherwise  stated. 
JlFC£,M)d£   represents  the  number  of  particles  which  reach  the  ! 

■J 

point  X    having  lost  an  amount  of  energy  between  £  and  i+aC. 

■s 

The  number  of  these  particles  which  suffpr  another  collision 
in  going  an  additional  distance  dx    is:  •'  ^  -i  :< 


:Sf*-* 


-;^:|^;V 


n 


9.1 


The  notation  '^^^^^^i    ^^   Antoiidf^jd  to  expreao  thu  fact  tiiat 
thono  partiolas  aro  acattt^rod  ouL  of  the  onargy  range  l  to 
6i^d£\    this  represents  a  decrease  in  JlP(i)d^.      The  number 
of  particles  scattered  into  the  energy  range  £   to  £^d£    in 
going  a  distance  ^*  will  be:        \ 

00  i 

The    total    change    in  yirC£,x)d£    in  going   a  distance  £/;(    is    the 


9.2 


sum 


(y^J*   ■^"  "*■  i^TfT^cat        *    ^^^  ^^  have,  dropping  the 


constant   factor  }ld£Jx 


O0 


9.3 


This  is  the  fundamental  equation  governing  rC£^x)   .   It  is 

.1,        .  .       /■ 
essentially  the  Boltzmann  equation  of  continuity.   It  can  be 

written  in  a  different  form  by  changing  the  variable  of  inte- 
gration in  the  first  integral; 


9.4 


I  , 


f  , 


-■■I 


i-' 


V 


1 
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(9,3  and  9.4  are  equivalent  provided  F(C,x)     vanishes  for  £<0^ 
as  will  be  the  case  for  XiO.      Otherwise  the  lower  limit  in 


the  first  integral  in  9.4  should  be  -od.) 


A  formal  generalization  of  this  equation  which  is  some- 
times  convenient  can  be  made  if  we  suppose  that,  in  addition 
to  the  finite  energy  losses  /""  due  to  collisions,  the  parti- 
cle  also  suffers  a  continuous  loss  in  energy  according  to: 


i^f  V 


f  =  xc^.*; 


9.5 


J 


l> 


where  X^^  ^  known  function, 
function  J £'}ti^^)d^^     in  8.1, 
can  always  include  the  effect 
adding  to  p-   the  term: 


(Jt  ^^y  f^^  example  be  the 
if  we  set  ^^0   for  S'^^f.) 
of  X  in  the  function  }l   by 


vne 


I  J.  ux*)   =  ^^ICCx? 


'   9.6 


Such  a  term  in  }f  merely  adds  the  term  X  to  the  mean  rate  of 
energy  loss  J^  ?!C^i S^x)^^  ,  but  contributes  no  additional 
fluctuations.   Adding  the  term  ^jr  to  Ar  in  9»3  adds  to  the 


right  side  of  9.3  the  term: 


f . 


*^", 


L 


37— rr,A; 


^ 


•   f ,, 


^ 


I: 


Thus  we  can  include  the  effect  of  9*5  by  modifying  9.3,  9.4 
as  follows:  . 


V'  :^»- 


/  I 


I 


I   I 


~^.. 


I  - 


••s> 
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9.7 


"t-^^ 


a 


3X 


r  jPUix)m-£',^:^)^'  ^PJy\£:£,^U' 


9.8 


y: 


vi/here  it  is  understood  that  unless  otherwise  specified,  all   •! 
functions  are  evaluated  at  tfX  \    this  convention  will  be  follow- 


ed hereafter. 


It  may  be  objected  that  the  addition  of  (tj^    to  Jl!  makes  the 
right  side  of  9»1  infinite,  so  that  the  use  of  9»3  in  deriving 
9.7  is  unjustified.   Another  derivation  of  9.7  will  therefore 
be  given,  where  for  simplicity  we  assume  that  i^=  fjr,  so  that 
9.5  re^oresents  the  only  energy  loss.  Then  we  will  obviously 


have : 


FU,k)J£^  F(£■^^S,x^■Ax)J(€^^d£) 


9.9 


!      5 


■i: 


vvhere  AX   and  Ai    are    related   by   9.5: 


J: 

■■'i  ■ 

■i 


a£    -  Z(S,x)ak 


Oic^)^) 


M***^ 


I-:; 


due)^jj^'cJ£    ^ 


d  ( (^^rt 


9.10 


^f 


'■* 


Inserting  9.10  in  9.9,  neglecting  terms  0((^)y   : 


PJE    = 


dZ..    ,r     .   -r-)/^;^^     ^^AAd£ 


FJ£    fF±±j,U£   fj^^ 


^Jf 


■'.  ■'^yi'.'';-': 


^'-'^■^W 


If". 
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or: 


1£ 


_  HP  I) 


9.11 


This  is  the  fundamental  equation  for  f(^f^)    when  the  particles 

r 

suffer  only  a  ^:ontinuous  loss  of  energy  given  by  9.5.   It  can 

« 

readily  be  sov?/ed  if  ihe  general*  solution  of  9.5  is  known.   If 


I 


is  independent  of  JIf ,  9.5  gives: 


-X  ^   f  ^^ 


f. 


jr^; 


9«12  defines  u  transformation: 


9.1 


2 


9.13 


I 


■I 


Xie  get   from  9.12: 


9.14 


Since    the   variables    S^X    and    c,^/»      for   each  particle    are    re- 


lated  by    9.13,    vve    can   write: 


^£. 


P(£,K)^e^  Fu.,x.U£,  -^Fii.,x.)fiU 


I 


and  ^'o^   9. 14  : 


m.;  -fg^^^v..^ 


2  as  a 


where  £^  is  given  by  9.1 

readily  verified  that  9.15  satisfies  9 


•  11  if  ^-^0. 


gives  us  tne  connection  betwee 


sn  P(£,^ 


9.15 


function  of  £,  X- X,  .      it  is 


9.15 


at  A  and  at  X^     whenever 


(i  ^-j" 


*» 
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there  are  only  negligible  fluctuations  in  the  energy  lost 


between  X  and  Xo • 


i^ 


^0 


10.  Solution  by  Laplace  Transform  when  ^f  ,  > 

The  Laplace  transform  ^  CS^  of  :^  function  n^c)   is  de- 

fined    by:  \ 


\ 


ACS)  =Je-'^AiE)JE 

•,      •      ■ 


10.1 


^-_, 


^;5 


A  ■ 


:  t 


ft 


Here    £    ifi    any    complex   number    for   wliich    the    integral    converges 


Vie 


I. 


shall    need    the    follovvin^   theorems    (22,    pp*  152,161 ,105)  : 
Jf     CCO-'J^ — ,    and    if    C  (^)    exists,     then: 

C(s)  =  sA(s).-A(o) 


II. 


If  fyCs)  ,   a  Cs)   converge    absolutely,    and    if: 

I  '■ .     ^ 


■2.  . 


f 


1i' 


then : 


*  v^'*"^ 


4f 


i 


ill.   If  ^CO  is  continuous  and  properly  integrable  in 

every  finite  interval  ff^f^L,    and  if  A(^)   converges  absolute- 
ly for  ^(S)  >c(,    then: 


C-tfcO 


%> 


A U)   ^  awjjc  ^^A^CsjJs  (£  >0^  c>^) 


c-  /^ 


'   r 


;■  i 


V 
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'ii/hen  J:   and  X  do  not  depend  upon  £,   9.8  becomes: 


&*?«■ 


if- 


^P 


i7  =  Jf(£','')i(U-s>U^'  -PU(0)J/'  'I-U 


10.2 


This  is  the  form  of  the  fundamental  equation  whose  solution 
is  to  be  studied  in  this  chapter*   Applying  the  Laplace  trans- 
formation to  10.2,  using  the  theorems  I  and  II: 


ix 


10.3 


iX(0,A)    replaces   f;^(^jMjj£'^        by  10.1.)   If  JT        does  not 
vanish,  then  r(O.x)    vanishes  for  x>0.      In  any  case,  the 
last  term  in  10.3  vani3>\ea  for  X>0,    and  tlie  solution  is 


iX.>P): 


fcs,x)  =  F(s,k.)  e 


JLT(s^)  '  ^(o,x)  -  ilcxHAx 


10.4 


■'"^>'' 


«-i 


1 


As  Jf,->  ^,    PfCXt)  -^  ^(^^t   and  ve   have   from   10.1: 


f 


/ 


P(S.^)   ^  jeM)'ie  -/ 


Letting  X^->0  in  10.4: 

-u,  J  i^Cs,x)-)t(o,x)'sXcx)j<ix 

P(5.x)  =  e' 

Note   that   if  ^  =  Ut    10.6   reduces   to: 

-^  -sST(x}<ix 

r(5^X)    '  G      • 

which   is   the  transform   of: 


10.5 


10. 6 


10.7 


fl 


\  i 


Pu^x)  -  i(£-Iru)dx) 


10.8 


as  i  L  should  be.   In  the  general  case,  the  inversion  of  10.6 


is  (theorem  III )  : 


I;-. 


I 


10.9 


y 


A'. 


Where  the  path  of  integration  is  extended  to  the  right  of  all 


<fT:ij«i/|,  _-* 


poles  of  the  integrand.   10*9  is  the  general  solution  of"10.2.  ■  r 
The  evaluation  of  the  integral  will  occupy  the  remainder  oif 


•f 


this  chapter.   For  convenience,  we  will  hereafter  assume  that 
^  and  X  are  not  functions  of  Jif: 


Cti^ 


^''^^'-jinl^ 


s£-h[t(s)~h$J~sZ]x 


Js 


10.10 


C-i^ 


All  of  the  general  results  derived  from  10.10  can  be  iramediate- 
ly  extended  to  10.9  in  an  obvious  way,  by  replacing  terms  like 
^*  by  jyorjJ^      wherever  they  occur* 


11.   Landau*s  Solution. 


We  obtain  the  problem  whose  solution  was  given  by  Landau 
(3)  if  we  set  ^*«*  in  8.1.   Let  us  write  8.1  in  the  form: 


it= 


^fO  = 


ll.l 


X'^^% 


^ 


v,'h8-re  }1   is  to  be  regarded  as  infinitesimal,  and  ^^  and  £   are 
to  be  considered  constant.   By  11.1  and  10.1: 


/3^  J       ^/a  "^ 


(integrating  by  parts):  = 


(we  now  require  fL-isi^O)  :    '=■  - 


A,         7 
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i.M 


ill 


V  4'  ■ 
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Tts)  -  fu)  =  ^[c  -I  -4  jf7  ^  /}(sy) 


I 


11.8 

/ 


The  constant  C   is  given  by  (23, p. 2): 
Using  11.2,  11.  I,  omitting  terms  0  iiy)\ 


N- 


•■■-i    r'"     jfc" 


11.3 


'/"- 


11.4 


Let ; 


^i.  = 


.  ^  =  ?  64, 4  i^i) 


11.5 


*<^  :?J 


where  J  is  a  constant  to  be  specified  later.   Substituting 
11.4  and  11.5  in  10.10: 


CH'tfi 


■    f"^")  =77nl  ^ 


u 


t'lip 


■5>  ; 


.  [ 


J     -.'  ! 


1 


I   ■ 


> 


.    ?^--,.; 


11*6 


'^\: 


The  integral  in  11«6  is  a  function  of  (Ai^  'f'  C  ^  I  'f'  J  ^   only 
According  to  Landau,  it  has  its  maximum  at  -I/.05.   If  we 

X 

I  ■  !  . 

require  that  the  maximum  occur  at  4^^  0^   this  gives,  using  11.3: 


J  ^  l-c-ojr  =  U7 


^ 


11.7 


r 
7 

':,     '              ' 

? 

J 

■■     ■■                     ■'-■■.                  ' 

1 

^ 

i  V 

^£ 

■  ■■ ;  ■  f 

^ 

» 

i 

S 

'^  :                 "■!--■; 

* 

:■  l':'"^' 

1 

■*              ."■     *:•'■ 

A       i 

i             v>\;; 

i 

s 

H 

■'-  -       ■■■'  \ 

A 

1 

-4 

r 

^r 

-"i  '    ■ 

• 

J- 

|3,        ->_       _,;^, 

f             ^       ■  ■ 

■X 

1               1         .           - 

■"'*■" 

'->"■    '  ■■'• 

,1"   ■  ,?V  1 

%    ' 


'^^^   r,-V'-^.» 


t^^;"'" 
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The  ftmction  ^  is  defined  by: 


11^8 


£-/tfO 


Graphs  of  this  function  and  its  integral  are  given  in  (3); 


they  are  plotted  in  Fig.  la  and  lb  (marked  "Aw^ ''■•'^®"  ^*   ^^ 
terms  of  (p^    11*6  can  be  written: 


i 


'-) 


11.9 


1   ( 


:'V'»JJKii 


In  deriving  11#9,  three  approximations  have  been  made; 
we  have  let  J^^O^   and  ^"*^»  and^lfeve  assumed  that^^and  £ 
are  independent  of  c  •   The  first  and  third  assumptions  are 
made  throughout  this  chapter  and  Lheir  significance  is  dis- 
cussed  elsewhere*   The  second  assumption  is  generally  the  more 
restrictive.   Let  us  surpqse  that  ^/^  »' .      In  t/ne  case 
o^ziO   (in  the  second  ttsirm'  in  8.1),  'ohe  effect  of  setting 

'^ ,  I  1 

^^=?^is  then  to  add  a  small  spurious  probability  for  colli-  ^ 
sions  in  which  S     is  i^reater  than  the  true  ^^.   The  result  is 


(•.-••.■. 


to  reduce  the  height  of  the  curve 


Pa^j 


slightly  for 

and  to  add  to  the  tail  of  the  curve  for  ^/.  >  pC  -#Z  ^   This 
effect  can  be  easily  compensated  for,  as  will  oe  discussed 


4^^Y~^ . 


in  more  detail  in  Section  17.   In  the  case 


y^^^f\    t 


he  effect 

on  the  curve  is  somewhat  greater,  ajid  sets  In  at  A^  Z,  0^1     ^, 
if  we  regard  a  \0%   change  in  the  curve  as  significant.   A 
glance  at  Fig.  la  will  show  that  the  ^Incipal  part  of  the      ** 

i  ■   >  • 

curve  lies  between  A^^^-l    and  ^^-^7,  slxthat  when  ^^A»^    is 
not  satisfied,  there  will  be  a  significant  error  in  the  curve  M 


even  in  the  neighborhood  of  the  peak.   The  condition  on  ^Wt    is 
more  stringent  at  large  values  of  ^^,  out  this  is  somewhat 


^i 


'1  i»^»     > 


\-\ 


<!•-■_•<■: 


r--'.'  ■■:.:':.'  r 


■"■'■•+■ 


y 
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compensated  for  by  the  fact  that 


at  higher  energies*   For  £^<<  I  ? 


whereas   at    /S^^  0.^ ^ 


the    ratio     *V^      ^^   larger 
'iX-     =r    tJ^Vic     ^^   about    0*02, 
or   0.04. 


As 


/* 


A  V^-^/- 


12»     Moments' and  Semi-invariants# 


.  ;  i^ 


k\ 


^ 


The  moments  of  the  collision  spectrum  are  defined  by; 


,  ■/ 


>^^^ 


12.1 


•/I 


e'^^UOd^' 


By  10.1,  the  moments  of  any  function 


>ir<fJ 


are    related   to   the 


derivatives    of   its   L^aplace    transform  at   S 


=  /? 


by: 


12.2 


Expanding   the  exponent    in  the  integrand  of  10.10  in  a  Taylor 
f  series   about5^^,   using   12»2: 


12.3 


Setting  S--iu>,   4=0'. 


I 

The    Foutrier    transform  of    a   di  strilDution   function    f(0    i 

I  i .  . 

called   its    '|characteristic  function"    (25, p. 89): 


CO) 


-/e'"^Wjj£ 


12.5 


-OO 


The   inverse   transformation  is: 


% 


12.6 


•oo 


*^-^'- 


fc 


V; 


ii  » 


/ 


'S^ 


:- 1 


»¥ 


r 


'I!      : 
a* 

''i'-i. 


(         .'■ 


N 


U 


-— --'-T'"- 


i  t 


^'■rJ 


% 


f 


3y  12.6  and  12.4,  the  characteristic  function  of  the  distri 
bution  ^(f^x)    is:  .  .  • 


TTcuj^x)  =  Fc-iijyx)  =  e 


2! 


3{ 


12.7 


The    semi-invariants,    introduced   by  Thiele    (24),    (25, p. 186), 
of    the   distribution  i(£)  are   defined   as    the   coefficients  )fp 


in  the   series: 


-  -J-; 


12.8 


The   identity   of    the    semi-invariants  X^^  of   the   energy   loss 
distribution   with   the    prodiicts    X^^j^of    the    distance    with    the 
momenta    oi^    Llio    coliiiiion    spoctrum    is    ol)vit)un    from    I::,7    and 
XZ^^^       In    case     the    coilitiion    HpttcLrum    dcj^^unda    on    X,     tho    lu- 

'I 

lation  is: 


^  '='fK(^)Jj^'"^ 


12.9 
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»■  I  - 


This  relation  between  the  collision  spectrum  and  the 
energy  loss  distribution  is  given  essentially  (i.e.  except  for 
terminology)  in  Cramer's  discussion  of  the  general  homogen- 
eous random  process  in  (19).   It  can  also  be  proved  oy   using 
the  additivity  property  of  the  semi-invariants.   If  /^  (C,)  , 
/^  (£z^    are  the  distributions  of  two  independent  random  varia- 
Dies  ^1  f;j  I  then  the  characteristic  function  of  the  distribu- 
tion  ff..  C^i'^'^i)       of  their  sum  is  given  by  (25, p. 188); 


1+^ 


TT.^j^)  ^  7r,(io)'7r,(u>] 


12.10  ' 


From  this  and  12.8,  it  follows  that: 


^0+z),  tr  -  ^oij,  ^  ^( 


01^  •     (»)," 


12.11 


..jtmam 


'':■   --•■  VT 
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The  energy  loss  distribution  P(£^dx)  when  the  particle  goes 
an  infinitesimal  distance  c/x  is  the  single  collision  distrl 
bution  (it  is  assumed  for  simplicity  that  I^0)\ 


/ 


F(£,Ax)  ^  (i'JKJX(soJf')U£)  +f(£)<lx 


The  Fourier  transform  ir : 


7T(ui,dx)  =   l-Jx7io)-hdKXc-iu.) 


=  e 


rit(-,u)  -  7(0)]  ^x 


So    Lh«    aoinl-lnvar  InnLa    oV    Lho    d  1  »Lrl  uu  LI  on    /(^^Jx)    uro  : 


12.12 


•]• 


>"  « 


\ 


12.13 


k 

•J   ^ 


'     i 


^^(^4  p  -  ^i,  ^^ 


18.14 


By  12.11   and   12.14,    we   have    immediately  12.9   for   the    serai- 
invariants   of  the   distribution    r(S,x)   of  the   total  energy 
lost   by  a  particle    in  going   the   distance  X« 


4  '-'  ..•* 


^fa- 


The  relations  between  the  semi -invariants  and  the  moments  v 


■  J 


of  rCt^x)      can  be  obtained  by  applying  12.2  to  its  Laplace 


transform  (from  12.3): 


Pc^,K)  -  e 


-sViX^fjifj.X'-fr  >f. 


X  ■*•  "' 


The  result  is,  for  the  first  few  moments: 


12.15 


1  ; 


<   i   ♦ 


* 


y 


12.16 


I  i 


\  ■ 
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etc. 


e'  =  i^jx  -*■  3 (II^kKVix)  +  C}iix) 


i^  =  ^^jc  +Hiij«)(Kx]+?(?fj,jc)''  -t  ^(Ai^rXMx;*  +  cv,x:i 


>      Kl  -  .  , 


H 


The  relations  become  simpler  in  terms  of  the  central  moments; 


r^sfr  =  {£'£)  =  y^x 


> 


IS. 17 


e 


tc , 


A    jj,iMifr.ul    foriPiila    for    the    monent    iAt)    can    oe    cifirivud    from    tlie 


formula  '. 


-2  J»      z 


where  z  is  a  function  of  V  ;  the  sum  is  taken  over  all  products 
of  derivatives  of  2  containing  a  total  of  ?f  primes;  ^^di9^^,„/( 
is  the  number  of  different  ways  of  carrying  out  fl   differentia- 
'tions  of  C    ,  differentiating  only  a  single  factor  at  a  Lime, 

and  arriving  at  the  product  (zO  ' (zV      »*'^z'**!^  **  ^  .   A  rather 


intricate  bit  of  combinatory  analysis*'«^  results  in  the  following 

■^^i-  Briefly,  there  are  ?i  ooerations  to  be  performed*   These  can 
be  perm.uted  in  7f/  ways*   For  each  factor  z:  -^^   ,  the  j!    permuta 
tions  of  they  differentiations  of  this  factor  do  not  give  - 
really  different  ways,,  of  carrying  out  the  differentiation;    v 
hence  the  factors  (I!)  '*^'  (^!)  "   in  12.19.   In  addition,  permuta- 
tions of  the  order  of  the  kj    factors  z^'  are  not  distinguish- 
able; hence  the  factors  A.-*'*  k^f     in  12*19. 


"'1' 


-I 


\  , 


/ 
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formula *^or 


fi 


»•,*,■••*»  • 


B 


(^JK)l 


If  we  define: 


^'  %  •"  ^-       O0''(2!)''*.,.(H!)'^k,!k,i''kJ. 


'■  '         '  e  ^ 

then  12.18  can  be  expanded: 


fi....A.f'"A.,  (z<->J 


. .  I 


12.19 


12.20 


.*-<»>./.  ./M\,  .,--k^/  .   .^,/c'  +5"' 


s,  =  r^'/>  rf;^''/  V^-<;^^r%'^^-i^>»^'^.,  +  A» 


12*  21 


Using  12*S  and  12#15,  and  comparing  12.21  with  the  formula: 


p  ,  (f^j,^)-  ^  jv  r  jjJ'^'^a^*  n^  -  ^  Or'^Jlif'  ^ 


»  •  ■ 


12.22 


^ 


i-hTCd^  +  (A£) 


noting  that    ^  =^,   we   find   that    (a£)*^    is   given  by: 


(Ai)"    = 


Si  •/ 


Bo,^..,(X,/'-(xJ'' 


12.23 


'.Yhen  X-^  ^>    f    — ^Al/f>    i.    e»    the    moments   become   those    of 


the    single    collision   distribution,    as   we    should   expect,      rfhen 
X-»-©      (A£)^fr  —*  [l'3'S •  "(ilcmCVTV      J    these   are    the  moments   of 
a  Gaussian   distribution.      As  K-^^t    ^^^   odd    moments   become 
unimportant    compared    with   the   even  moments,    as   we    see    if   we 
define    the   diraensionless    moments: 


1  (6Q'< 


12.24 


(I   have   been  unaole    to   find  a   general  "statistical  terminology 

,  ■      .        i  V 

I 

1 

for  the  ^uanti^'-s  X»^   which  I  shall  simply  call  the  "dimen- 
sionless  moments*'.)   If  we  define  the  dimensionless  moments 


K 


\  ■ 


of  the  collision  spectrum: 


^ 


_      ^<r 


^H/sL 


then,    by   IS. 17    and    12.24: 


.'/ 


2 


\\ 


■i  > 


7" 


12,25 
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1    ; 


*"■  iS:i 


-/ 


^  =  ^x-^  +  3 


12.26 


';i^=  ?^x-^^  +  loh^ 


.% 


»\  ..-I 


^     ^   y^^'i  +  (jSXit/Oj^V^ 


■*-  IS- 


etc. 


It  is  convenient  to  have  a  symbol  also  for  the  (unweighted) 


r.m.s.  fluctuation: 


^  -  (U^) 


'U 


\z,zi   r 


\ 


Accordin.;  to.  12.17: 


<V  =  (^,x) 


'/. 


y 


12.28 


The  iormulas  12.26  and  12.28  are  of  course  only  valid  when 
J^f^O  is  independent  of  S.    and  X»   The  generalization  to  the 
case  where  K  depends  on  X    is  obvious;   the  case  where  7i   depends 


on  £   is  more  difficult  and  will  be  treated  in  the  next  chapter. 

As  X->  ^  1  ^2k"^  ^' -^ ''^  '  "^^^'     *  ^^k-i^l     ^   •   These  are  the  moments 
of  a  Gaussian  curve  with  unit  second  momenta   Thus  we  have 


proved  the  central  limit  theorem  of  the  theory  of  probability 


■i        ■     -r- 
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>   as  applied  to  the  present  problem,  in  the  special  case  where  X. 

is  independent  of  X  and  £•      The  theorem  is  not  true  in  general; 
,  if  <«  depends  on  x»  we  must  place  enough  restrictions  on  the 
functions  }iiiX)     to  insure  that  the  contributions  to  jy.(X*)jK^ 

from  large  values  of  x^    are  sufficient  to  make  the  unwanted 
terms  in  12.26  negligible  compared  with  the  "Gaussian''  terms# 


The  moments  of  the  distrioution  rii,x)   can  oe  used  to 
ixpand  rC^X)    in  terms  of  a  set  of  orthogonal*  polynomials* 


rv 


Consider  a  set  of  polynomials  c?/  ^f^  orthonormal  with  respect 
to  the  weit^ht  function  /}(€): 


\ 


SQ^(£)^^iOjo(OJ£  =   i^^ 


18.89 


Suppose    fCiyX)    can   be    expanded    in  a    series   as    follovvs: 


Multiplying   by   Q.CE)  and   integrating,    using   12,29: 


12.30 


12.31 


The  coefficients  ^^  CAf)  are  given  by  12.31  in  terns  of  the 
moments  12.16  of  r(£,x)    if  Q,     is  a  polynomial.   It  will  be 

noticed  that  an  attempt  to  expand  according  to; 

■  '  '■'.■' 

will  lead  to  integrals  for  the  coefficients  ^yOO     which' 
cannnot  be  evaluated  in  terms  of  the  moments  alone  unless     \ 
p{i)   is  a  polynomial.   (In  this  case  the  £  interval  must  oe 
finite.)  By  choosing  a  weight  functionyoCC^  which  approxi- 
mates the  distribution  function  P{i,t)   ,  we  may  expect  the  first 


'  r 


»rV.1  =  ,v^',;?T«!- ■ 


few  terms  of  12»30  to  give  a  good  approximation  to  P(£,k^  ^    since 

the  first  term  (^^=^  /  )  is  already  pretty  close*   The  discussion 

of  this  paragraph  applies  equally  well  to  an  expansion  in  terms 

of  polynomials  u.  C^f/  using  the  central  moments  12#17^,  in 
which  case  we  would  probably  use  the  interval  -co^A/<«d.   The 

only  expansion  of  this  type  that  will  be  used  in  this  thesis 

ia  the  Edgeworth  or  Gram-Charlier  expansion  using  Hermits 

polynomials  with  a  Gaussian  weight  function.   The  formulas 

will  be  derived  in  Section  14. 
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♦  !!f 


Hi, 


1       ,-  *  :■ 


^?* 


\ 


13.   Digression  on  the  Convergence  of  the  Integral  10.10, 

In  the  Landau  limit,  ^=:^,  the  transform  IcCO  does  not. 
converge  unless  ^(s)>0.      iihenever  £^<  eo   ,  ^(xj  obviously 


■■A- 


converges  absolutely  throughout  the  entire  S-plane,  since 
the  integral  is  then  extended  only  over  the  finite  interval 
O^^^^iJt^       ^^  general,  as  will  be  seen  from  12.2,  there  is 
an  intimate  connecLion  between  the  behavior  of  ACs)   near  S's  ff 
and  the  behavior  of  A(£)    for  large  £;  tho^  existence  of  the 
moment  A^^    If  -  0 ,1 ,2, . .  •  ,  guarantees  the  existence  of  the 
corresponding  derivative  of  AU)    at  5^0   and  vice  versa 
(e.g.  22, p. 186).  As  Isl -^  oo    along  a  line  parallel  to  the 
imaginary  S-axis,  or  any  path  lying  wholly  to  the  right  of 
such  a  line,  X(S)-^  0.      If  lil-^  d^    along  such  a  path  that   , 
fuCsy-^-t^i    iii(s)l-^oo  .   Along  any  path,  the  inversion  integral: 

converges,  provided  C> -•»  (22,p.  104) .   f'/ilsJ   ?,   ^ 


l!        » 


13.1 


c  i 
f  ^ 


■ 
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xX(0)   represents  the  average  number  of  collisions 
suffered  by  the  particle  in  going  a  distance  X.   This 


^ 


n 


number  will  be  very  large  for  any  appreciable  distance  Kj 
but  if  it  is  finitei  there  is  a  finite  probability  (^   _.  } 
that  the  particle  will  .suffer  no  collision  at  all;  thus 
r(c,x)     will  contain  a  small  singular  term  t?  6^^  ^  .      (The 

in  the  collision  spectrum  is  here  to  be  supposed 
eliminated,  either  by"  changing  variables  from  ^   to  t -Xx  , 
or  by  choosing  ff^^   i^   8.1  so  that  a   vanishes.)  Vilith  this 
singular  term,  the  inverse  transform  of  r(S^X)    will  not    ", 
really  converge*   As  will  be  seen  from  10.10,  when  Tci^)''^  ^^ 
f   (S,k)   """^  C    '  ,  which  is  a  very  small  number,  out  not  zero* 

!       ...  .  .''  ^  ■      ■■■    - 

To  secure  convergence  we  may  define  the  distrioution  r\(£^x) 
of  particles  wi,ich  suffer  at  least  one  coJlision: 


-I 


13.2 


The  transform  of  R(€,x)   is: 


R(s,x)  '^  e 


13.3 


The  function  defined  by  13.3  will  have  the  same  zeros  and 
singular  points  as  ^(s),    and  their  inversion  integrals  will 
have  the  same  convergence  behavior.   Thus  if  £^^^ %    the 
inversion  integral  for  R l£,x^   converges  for  any  C>-«^,  and 
we  infer  that  n(£,Jc)  ^    and  therefore  F(£,x)   also,  falls  to 


zero  faster  than  e 


.-f 


for  any  finite  oc   as  C-^  ^  \    it  can  be 
shown  that  F(€^x)     falls  to  zero  faster  than  e    ^       if  ^ 
When  <;;^-oo ,  it  can  oe  shown  (3)  that  ^Cf/X)    is  asymptotic  to 


•I 


the    sinkle    collision   law: 


/ 


,14.      The   £df:^ev^orth  j^xoansion    (26)>-^ 


13.4 


% 


Starting  with  12.4  and  solittin;^  off  the  first  two 
terms  in  the  exponent,  let  us  expand  the  remaining  factor  in 


a    oow 


er    series    ih    Ocj) ; 


0i 


'(£'11,a)0'o>)  ^{iixOto) 


.  »# 


-•• 


fl f  Aj (fuf  i-Af( '^-r*  "'JdoJ 


■U' 


vifhere  : 


Aj  -    ^  ^jx 


^f  "  2V-^^ 


''t=?]l'*t^^"  M 


>'^  V7?7 '^''  /  ?5i ''♦'^''''' 


;4, 


'  JT^t"   *it^  '*"'5*-'''^  ^  /5«  ^^''^ 


e  uC . 


In   general,    making    use    of    12.13,     .ve    find; 


14.1 


14.2 


\ 


14.3 


/ 


*'•     The    treatment    in 
Cramer    (£5,vh.l7). 


this    section   is   essentially   that   of 
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5J 


where  ^^^j^  .../j.   is  given  by  12#19.   Let  the  variables  ^,  A^ 


be  defined  by: 


^i„  = 


f-s 


(^-y,^,<^=(^.^')^' 


14.4 


^  =  co^ 


14.5 


The  subscript  ''  "  stands  for  "Unweighted";  as  -ill  be  seen 


a 


later,  Au   is  the  variable  by  vv-Vdch  the  energy  loss  is  con- 
veniently characterized  when  the  unweighted  curve  jDarameters 
are  used.   In  the  next  section,  a  correspjnding  weij^hted- 
variaole  A^  nill  be  introduced.   For  the  remaindef  of  the 
present  section,  we  drop  the  s.ibscript  "u" ,  as  no  other 
subscript  will  be  needed*   Using  14*4  aiid  14,5,  14,1  can  be' 


wri  tten : 


.  1 


■      oo  ^ 


14.6 


-eb 


where : 


Ah  - 


A, 


C^^ic) 


^/* 


14.7 


/ 


Differentiating  n    times  with  respect,  to  A   the  well  knovi/n 
formula  (25, p. 99): 


^J^-'V''J^^^^-''''^/^^> 


-ot^ 


m'e  obtain: 


'^-fB^  -is':  ,.*,.     &o 


"  -^a' 


c  '  7-/4^ V^  -  ^  e'-'  fi.  U)  =  f  '"U 


'Adhere    Hf  W   is    the   >fth   Hermite    polynomial: 


>4i^^>>=  jf^.      ^''^  '^.  i,^   ^  ^ 


k, 


14.8 


14.9 


14.10 


\ 


X 


The  first  few  Hermite  oolynomials  are; 


H.u)  -  / 

H.  (A)  =    ^ 

//,  ^4)  =  A  -  / 


v# 


"* 

U)  ■■ 

»s 

U)'' 

^i 

61)  = 

=  A^-i.A'^  -t3 


A^-/6A^  -h  ISTA 


=  A^-irA^tfs-A^  -1^ 


Integrating  14*6  term  oy  term,  using  14*9,  ^^e  find: 
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14.11 


This    is    the    'Jram 


-Charlier    series    for    /'(iyjirj  (27)  ,  (28)  ,  (89). 


It   is  easily   integrated    to  obtain  t-he   series: 

/Vf.W^^  -  i  (A J  -Aj  (f  UJ  -tAff    (.A^)  - 


•■  ■  I 


14.12 


-cf^ 


'^j'aere 


f(A )  =  JM  u 


14.13 


The  Orara-Gharlier  series  is  not  quite  satisfactory  for 
the  present  purpose,  as  is  clear  from  the  expressions  for  the 


;''X 


s^ 


'in- 


/ 


it{ 


u^ 


t  .'■  -■■■ 


:■,  :\ 


?■■-  ^  V 
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coefficients : 


^    = 


Ai    =j^]^>^ 


-/ 


As-  = 


U  = 


I 
720 


^fcr'  +  ^^,V' 


^7    = 


-^4 


'""^ 


^  =  >?./-' -r^r^i^  6  \7?7^'>" 


14.14 


i 


e  to . 


:i.^ 


It  will  be  noticed  that  the  coefficients  of  successive  terms 
do  not  involve  uniformly  decreasing  powers  of  X*   Since  the 
asymptotic  character  of  our  series  for  large  values  of  X  is 
clearly  suggested  by  the  behavior  of  the  coef fluents ,  as 
well  as  by  the  considerations  of  Section  12|  it  is  more 


easonable  to  rearrange  the  terms  in  the  order  of  decreas- 


ing powerjB  of  x: 


Ai^  a(V 


it*)      a. 


'tjT'    '  7«  iinjT         nit  ' 

i-^ofeT    ^'■ittt     itu'X       \  nre     TfTT/T 


^^^'"^Srofn^-j 


3l,/S¥    I 


14.15 


^ 


>',,^ 
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The  asymptotic  properties  of  this  series  have  been  inves- 
tigated  by  Cramer  (19, p. 98),  who  has  shown  that,  under  fairly 
general  conditions,  the  integral  of  the  series  14*15  really 
gives  an  asymptotic  expansion  ot  J  P(£^jc)J£     ;  in  powers  of  X*  *  , 

with  a  remainder  of  the  form: 


M^  (^.^)l  <  ~k 


14.16 


,-Va 


Where  jf"  '*  is  the  order  of  the  first  term  dropped,  and  where 
/^is  independent  of  x   and  £,  but  depends  in  general  on  If  and 
on  ohe  spectrum  ?l(^0.      It  is  ordinarily  unnecessary  to  go 
beyond  the  terms  of  order  X"  •   The  labor  of  calculation 

rapidly  becomes  prohibitive  beyond  this  point;  and  it  is  the 
present  author's  experience  in  applications  to  the  sort  of 
problem  treated  in  this  thesis,  that,  due  to  the  asymptotic 
character  of  14*15,  when  x  is  sufficiently  large  for  inclusion 
of  the  terms  in  X     '^   and  smaller  powers  to  improve  the  accuracy 
of  the  resulL,  the  ten^s  up  to  X"^  already  give  a  sufficiently 
good  approximation* 


;f 


W- 


The  moments  of  the  meson  collision  spectrum  8,1,  neglec- 

\        ^  ■ 

Ci 

ting  terms  OC^)aire: 


«:=^^V^^j/ 


(•«>/; 


i .,  f 


14.17 


.  U^f  ^.1^'^^^^^ 


* 


'I 


V    -. 

U^?-    • 

■ 

• 

.1 

14 

.13 

■s . 


^ 


1  ■   :  :,_ 


'  ■•»•-«■•. 


Where  via   have  introduced  the  abbreviation: 


W   - 


-  ^k 


/^ 


^/ 


14.19 


,Ve  will  also  use  the  abbreviation: 


14.20 


The  formula  14.18  is  simplified,  and  comparison  with  the  for- 
rpulas  of  Section  16  is  facilitated,  if  we  define  the  ratio: 


c   = 


I 


14.21 


The  quantities  appearing  as  coefficients  in  the  series  14.,15 

are :  ■ 


K  .> 


A^„x 


-rf-/;      c^"  /yY^' 


*-/   (i'i/V"' 


14.22 


Vve    also   note    that: 


14.23 


14.24 


The  latter  two  formulas  are  of  course  valid  only  when  the 
dependence  of  the  collision  spectrum  on  X   and  c   can  be  neglected 
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n~> 


ina: 


The  Edgeworth  expansion  14.15,  when  terms  up  to  and  includ- 
u(X  J  are   used,  gives  a  pretty  good  approximation  to  f(£yX) 
for  the  collision  spectrum  8.1  as  Ions  as  y|^£  /•   This  can  be 
seen  in  Fig.  Ic,  where  the  curve  marked  "Edgeworth  expansion" 
is  to  be  compared  with  the  correct  curve,  marked  *•/!  =■/".   The 
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parameter  /j ,  defined  by  12,8^,  is  called  the  "coefficient  of 

« 

skewaess",  or  briefly,  the  "skewness",  of  ^he  curve  r(^/^).    . 

m 

It  gives  the  magnitude  of  the  first  correction  term  to  the 
initial  Gaussian  term,  and  is  a  convenient  measure  of  the 
deviation  of  P(£,X/   from  a  Gaussian  curve,  at  least  when  the 


deviation  is  not  too  great.   The  subscript  •♦j"  will  ordinarily 
be  dropped,  and  'M'*  without  a  subscript  will  be  understood 

.V 

to  mean  the  skewness  Xj*      This  is  convenient  because  we  will 
want  to  distinguish  the  unweighted  skewness  X^  ^    given  by  12#24 
V'/ith  h^3   ,  from  the  weighted  skewness  /l|^  to  be  defined  in  the 
next  section.    '       .  •    ^ 


■W- 


In  the  limiting  case  of  small  values  of  X,  when  the     f 
Landau  approximations  are  valid,  the  expansion  14.15  breaks  | 

•  '  "  ■  ^ 

down  altogether.   The  moments  A'l ,  ^^i  ,  •  • «  ,  of  the  collision  \ 
spectrum  11.1  are  all  infinite.'  For  large  finite  values  of 

*/g ,  the  mome.v.ts  exist,  Out  their  value  is  determined  almost 
entirely  by  the  behavior  of  f(^^^)   at  large  values  of  £   near 
Sp'^^m*      The  expansion  14.15  then  gives  no  information  aoout 
the  behavior  of  r(£,x)    near  the  peak  £^.   A  somewhat  better 
series  for  small  values  of  X  is  to  be  developed  in  the  next 
section. 


15.   The  Weighted  Edgev>/orth  Sxpansion>  Derivation 


Another  method  which  gives  an  asymptotic  formula  in 
inverse  powers  of  X   for  the  integral  lO.lo'is  the  saddle-point 
method  (30, p. 455);   A  saddle  point  5^   is  chosen  satisfying: 


[hl^^^-  (f<s)-f<')  -'^^"IX,  =  i> 


\ 


15.1 


try"''vemijft.T  '•y^^T'^pv:^ r*T~ t*t?*  ' 
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This 


gives : 


%  =  -^'(sj  i^I 


15.2 


It  can  be  shown  ti.at  fox^  tV_  7-\lue  of  v^  given  by  1-5.2|  the 
real  jart  of  the  exponent  in  the  iniegral  IC.IC,  if  plotted 
vertically  aoove  the  hori^zontal  complex  5-plane,  has  a  saddle- 
point,  or  pass,'  at  the  point  X^  •   If  we  choose  the  path  of 


'\ 


integration  so  that  it  passes  over  the  saddle-point  and  down 
the  valleys  on  either  side  to  C  t  IcO  ^    (-.here  the  real  part  of 
•  the  exponent  becomes  -oo)^    the  integrand  will  have  a  maximum 
at  S^    and  will  fall  off  exponentially  on  either  side,  so  that 
the  principal  contribution  to  the  integral  comes  from  the 
nei£;hborhood  of  Sc  0      It  is  not  difficult  to  show  that  in  the 
present  case  S^   always  lies  on  the  real  axis  if  Vx    is  real, 
and  that  the  path  up  the  valleys  is  perpendicular  to  the  real 
axis  at  5^.   The  usual  saddle-point  formula  is  ootained  oy 
usin^  as  path  of  integration  a  strai:i:ht  line  throu-^h  S^    from  * 
5^-/00  to  Sg-f-ZaDi    if  the  valley  is  reasonaoly  straight,  this 
path  v;ill  coincide  v;ith  zhe    valley  over"  the  important  cart 

I  y 

of  its  length.   V/e  define  the  generalized  moments  of  Lhe 
collision  spectrum  oy:   ^ 


?i,  (s)  =  ?(s) 


0C 


c'  -/;;fro^^' 


V     ;       ,. 


•  i 

1 


15,3 


"i 


U' 


— ■  JM^MI— fcli  1 1  I 


'Itli'ni   i^iHill  ^1 


;^"-!^'T.-.,;- ,-^'  ■-,>, 
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For  S -=  Of    the  generalized  moments  reduce  to  the  ordinary 
moments  12* !•   Using  15. 3,  we  expand  the  exponent  in  10.10 


a 


bout  5  -  5o  I    setting    S  =i  s  -iCJ%    to   arrive    at   a    formula   analog- 


ous   t,o    12#4: 


;^,^,^^i;*f...;^.;-^r-.«w>w^^^(.-^*^'«'-;;„ 


15*4 


«J0 


;xpanding  the  integrand  in  15#4,  we  get  the  analogue  of  14»1: 


-oft 


V^.;r/w;*'v-.-7</ 


15.5 


<J 


/ 


"i\ 


vv 


here  /^kCs^)    is  defined  bt^^  the  obvious  generalization  of 


14* 2,14. 3.   When  £   and  X  are  related  by  15#2,  the  linear  term 

6. 

I 

in  CO   in  the  exponent  vanishes.   Integrating  term  by  term,  the 


terms  corresponding  to  odd  povi/ers  of  dJ  drop  out,  and  we 
obtain: 

_   /      xX^  (so  +s,x^,  <s,) 


)r 


jrA^  (s,)  y-  /ds-At^cs.)  -  •"] 


\     15.6 


t. 


f- 


/ 


Ak  CS^)  ^^    of  course  defined  in  analogy  with  14.7.   The  terms 
in  15.5  should  be  rearranged  in  order  of  decreasing  powers  of  X* 


/'a^,^v.x;=^^,^^^^^^jv,e 


^l-hx'[^^(i.)i-^^^(sjj 


V 


■*?■ 


jir 


^77J  hooxTis.}  *^  i 


U'J] 


^... 


i 


15.7 


—J 
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^ft^  is  defined  in  analogy  with  li2.25: 


15.8 


\  . 

15#7  is  the  saddle-point  formula  for  tii^x)     at  the  point 
^  ^   *  */»"V.   Its  derivation  is  in  close  analogy  v^ith  that  of 
the  jidgeworth  expansion  formula  14. 15.   The  analogy  is  exact 
uiD  to  formula  15. 5#   The  derivation  then  deviates  somewhat 
from  that  of  Section  14,  in  that  formula  15.6,  obtained  by 
integrating  15.5  term  by  term,  is  specialized  to  a  particular 
value  of  E   given  oy  15.2.   For  a  given  saddle  point  5j,  and 
a  given /c,  formula  15.7  represents  Just  one  point  of  t.he 
curve  r(C^jc)vs     c^      In  order  to  use  15.7  to  determine  /c^/^7  , 
we  must  choose,  for  each  value  of  c,  an  appropriate  saddle 
point  5^.   For  5^-^,  15.7  is  identical  with  the  ^dgeworth 
formula  evaluated  at  S^xiff^f^    i.e.  at  /^m.=  ^. 


< 


V 

^ 


-r$: 


/ 


-I 

■  # 

4" 

i. 


it 


«*e  could  have  proceeded  in  exact  analogy  with  the 
^dgeworth  derivation  to  obtain  a"  formula  analogous  to  14JL5^ 
15.5  can  be  rewritten  in  analogy  with  14.6  by  defining 
Canalogous  to  14.4  and  14.5>« 


A    = 


15.9 


f  =     CoLx  ^j  (Sj] 


'/^ 


% 


rl 


■1 
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Integrating  terVn  by  term  the  resulting  analogue  of  14,6, 


.  \ 


Hi". 


we  arrive  at  a  formula,  precisely  analogous  to  the  Gram-'":  ' 
Charlier  formula  14.11,  which  can  be  rewritten  to  correspond 


to  the  Edgeworth  formula  14.15*   The  path  of  integration  is 
here  the  samj  as  in  the  saddle-point  method,  but  the  result- 
ing  formula  is  not  specialized  to  a  particular  value  of  £ m      If 
S^   is   the  saddle -point  for,  ^-  )r^/^-%),  it  should  be  near  the 
saddle  point  for  values  of  CHtHy^^    so  that  we  should  expect 
the  generalized  Sdgeworth  expansion  to  be  a  good  approximation 
to  Pi£,x)      for  E   near  X^^i^^^)   ,  at  least  if  the  saddle-point 
method  gives  a  good  approximation  at  f  =  xViCs^^ .      We  are 
interested  in  rit^x)     near  its  maximum  at  Ep  .      Let  us  choose 
the  saddle-point  x^  corresponding  to  £p*   (f^  will  then  be  a 
function  of  X.)   From  now  on  the  subscript  •♦  *'  will  be  dropped, 
as  we  are  through  with  the  complex  plane* 


'.f.. 


'JVe   define: 


-  j-i 


C  =  ^  h.  c^> 


Aw  = 


_  £'£i 


.1  n 


15.10 


^  is  here  defined  as  a  function  of  S,     We  intend  to  choose i 
5  SO  that  fp    thus  defined  becomes  the  abscissa  of  the  peak  of 
f'^C^^x)  I    the  formal  development  is  valid  for  any  choice  of  S* 
^  is  the  weighted  ♦♦coefficient  of  excess".   The  weighted 

Edgeworth  expansion,  analogous  to  14.15,  is,  writing  terms  « - 

up  to  ^U"0  : 


w-V 


*' 
">  '.f: 


•  ;  V 


i '    ■ 
i    * 


«    ■-      -r^ 


ni..)  -  ^e''^'*""^f^f.,;-  V/'"W) 


^ 


^  kr-"'^  7f  r<^-H 


if.  1 1 


Let  the  numbers  A,  h ,   tit    oe   defined  by: 
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It 

^*- 

-^   h 

•i-n- 
my  ■ 

w 


'■.^ie-^' 


I 


^E- 


s   = 


6 


15.12 


#. 


Ti^is)  =-S^(s)-  % 


Then  15,11  becomes: 


/'Cf^^r)  = 


^ 


15.13 


The  subscript  "  "  ivill  be  dropped  for  the  remainder  of  this   / 
section  and  the  next,  whenever  no  confusion  vi/ith  the  un- 
weighted parameters  can  arise • 

V/e  now  specify  the  saddle-point  i  (i,e.,  by  15*l2,d) 
so  that  £i^    really  is  the  abscissa  of  the  peak,  i.e.,  so  that 
the  curve  has  a  maximum  at  4-^.   Let  15.13  be  written  as: 


^7 


15.14 


Setting  the  derivative  of  the  right  hand  side  equal  to  zero 
for  ^^0%   we  obtain  the  condition  for  a* 


d=  ii^ 


»  15.15 


15.15  is  not  as  simple  as  it  looks,  since  ^,  &%   and  h   are 


15 : 


tr 


*  • 


i 


MiiiMiaMiiiiiiaiiiiiiHiia 


■BBS^ 


:!!l'.^'''^.*'l"l'Wi"IIW'>«<W liiWlWMJ'lJ'HlMgll    »i   imiin  .HIMWH 


also  functions  of  &•   A,  b,  etc.,  and  A  and  J  must  be 
calculated  as  functions  of  d   from  15#10  and  15»12.   15.15 


J-  ■' 


is  then  solved  for  d  and  the  result  substituted  in  15»13  to 
obtain  P(£jX)  .      He    thus  locate  the  peak  Ep  of   the  curve  and 
obtain  a  formula  for  i(£/X)   near  £p   with  little  more  calcula- 
lion  than  is  required  by  the  ordinary  saddle-point  method  to 
fi>id  a  single  ooint  on  the  curve. 

;  »j        .       ■    .  : 

^  .  ■  "        1  ■  . 

7  ■ 

'l  .  -  .   »  ___  . 

For  numerical  computation  of  i(C^x)^   using  15*13  and 
tables  of  (fi^    ^,  etc»,  it  is  convenient  to  shift  the  origin 


of  At   using  the  formula: 


-/f 


H.u)=J:  iV^o  /^r^-4j 


15,16  ■ 


k-0 


^ 


This  formula  is  easily  derived  from  the  formula  for  the 
Hermite  polynomials  in  terme  of  their  generating  function.  :* 


^""^"^^  =  J4^u)i-tM,CA)+^t%U)+jit'ti,U)4^... 


15.17 


Using    15,14    to    write    the    terrrs   up    to    UCx'')    in    15.13   in   terms 


of; 


tf   -=    £. 


-   V. 


15,18 


we  eliminate  the  exponential  factor  g 


t^ 


PC^.^)   =  :^e 


-^^f^' 


k ./  A  (kl 


15.19 
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l:/ 


6* 


I: 


*'*   The  formula  15.17  is  ^iven  in  almost  any  reference  on  Kermite 
polynomials  (e.g.  31,  p.l81).   The  author  has  not  seen  the 
formula  15tl6  in  the  literature,  out  it  must  be  well  known*  "   ' 


The  derivation  consisLs  in  substituting  {a  -  A#  }  for  A  in 
15.17,  multiplying  by  e^*  ,  and  collecting  terms  in  the  sa 
pov^er  of  t   on   the  right  hand  side. 


ame 
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H.; 


where  the  coefficients  are  given  by: 


'ij      i        a  i        »'  Jg 

t 


^ 


15.20 


<  = 


7i 


m 


he 


integral  of 

£ 


15,19  is  of  course: 


-d^iA 


fP(e,.^JS  -  e"    '^[A:f(^0  ^/^/A; /^''i^^j] 


15.21 


y 


Before  aoplyin'  the  wei^hoed  Edgevvorth  expansion,  some 
general  considerations  may  be  in  order.   The  ma.nrier  of  its 
derivation  leads  to  the  oelief  that  it  *vill  represent  the 
curve  best  in  the  nei^^hborhood  of  the  peak  Ep,      Comparing  i5,13 
v'ith  14, 15,  usin^  15.12,  we  see  thaL  Lhe  weighted  expansion 
amounts  to  an  ordinary  iideeworth  expansion  of  t:.e  function: 


f.  ^'^^i 


e      ^ 


^-^i? 


«  P(£,^^ 


15.22 
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'.."e    may  define    the    :^uantiti  es  af   aiid  J    v/ithout   r^.Terenoe    to    the 


expansion   15.13    oy   requiring: 


</- '-'' 


I 


=  0 


15,23 


> 


/e''"^!  P(E,xU^  =/ 


15.24 


To    the    extent   that    15. 13   approximates    i(E,X/^    the    values   of 
af  and   A   defined   by    15,£3   and    15*24    vvill   agree    with   those    de- 
fined   by    15. 12   and    15,15;    if    we    substitute    15.13    for    FC€,x)    in 

15.23   anr]    15.24,    they    redtice    to    identities.      Thus   /\^(S^x)    is 

I 
ootained    by   applyln^^   a   weight    fac  Lor   v/ijich   reduces    the    tail    of 

the    ciarve    on    the    oositive    side    of    uhe    oeak.    and    raises    the 
tail    on    the    negative    side,    enough   to   make    the   mean   value    of  £ 
coincide    with   the   peak   value    Ety.      One    vvou.ld    expect   the    more 
F^ymmetric    cwrve    f^C£/>^)     to    be    more    easily    represented    o^   an 
Edge^-'"'orth    series    than    t-he    lopsided    unweighted    curve.'     If    we 
assume    that    the    error    in    Lhs    (ordinary   Edgevvorth)    series    for 
^  is    of    roi.ighly   the    same    order    of    magnitude    over    the    impor- 
tant  part  of    the    £  scale;    as    is    the   case    ■/■d  th   the   ordinary 
Sdgeworth  expansion   of    ine   distrioution  r(£,x)    (see   £^.14.16), 
then   tae   err^r    in    tne   function; 


ncx)  ^e'"'"  'i  p^u,o 


w 


5.25 


vdll  increase  exponentially  toward  positive  values  of  (£  ^  ^^   }, 
anr  decrease  exponenLiaily  tov.'ard  negative  values.   This  is 
precisely  the  sort  of  behavior  that  we  are   oing  to  find,  as  a 


glance  at  Figures  la  ^nd  lo  will  show.  vThe  ^olic  curves  in 
Figures  la  and  lo  are  the  corrt^ct  distrioution  curves  for  the 


y 
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case  when  Landau's  solution  is  valid.   The  dotted  and  dashed 
curves  marked  "Ist  approximation"  and  "2nd  approximation"  are 
obtained  for  the  same  case  using  the  vveighted  Sdgeworth  expan- 
sion.  These  curves  will  be  discussed  in  more  detail  in  the 
next  section.)    Having  defined  A    and  a£  by  15«23  and  15.24, 
we  can  define  the  weighted  parameters  X^^   S\^   by: 


?.4 


15.26 


15.27 


0ns  may  ask  hov;  it  is  possible  that  we  huve  found  three 
different  asymptotic  expansionsi  14.15,  15.7,  15#13,  for  the 
same  function.   The  answer  is  that  r(f/X)    depends  on  two 

ff 

variables,  and  in  order  to  get  en  expression  asymptotic  in 
one  variable,  say  X,  v;e  must  specify  some  relation: 


a  (U)  =  C 


15.28 


which  is  to  be,  held  fixed  as  X  varies.   For  A   fixed  value'  of 
L»    r(£^J     is  a  function  of  X   only,  and  we  may  ask  for  the 

ft 

asymptotic  expansion  of  this  function  as  X— ^^*»   Different 
choices  of  the  function  ^ff/*^  will  result  in  different  func- 
tional dependences  of  rCt^K?    on  x    v;hen  0   is  fixed,  and  there- 
fore  in  different  asymptotic  form.ulas.   15.7,  14.15,  and  15.13 
correspond  to  the  choices: 


Saddle-point : 


Si  U^Jc?  =  9m 


I 

I 

i, 


15.29 
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Edgeworth: 


15.30 


Weighted  Edgeworth:         HCE/X)  -    ^~^^^J  -    /\ 


w 


15,31 


.Vhen  SiCB,x)    is  chosen,  f(^/X)    can  be  considered  by  15.28,  as 
a  function  of  C   and  A.   Presumably  the  best  choice  of  Uit^x) 
would  be  that  function  which  makes  r(€,x)t    plotted  as  a 
function  of  •»,  vary  as  little  and  as  smoothly  as  possible 

* 

with  X,  as  then  the  asymptotic  formula  should  be  good  over 
a  wide  range  of  values  of  X*   The  mean  value  £   varies  linearly 
with  >f«   The  peak  value  £^  varies  as  XjAmX   'tor   small  values 
of  X,  but  becomes  linear  in  X  as  it  approaches  £   for  large 
values  of  X.     <^    is  proportional  to  x     ;    while  c^^^,  which 
better  characterizes  the  width  of  the  curve  near  the  peak, 
increases  in  proportion  to  X   for  small  values  of  Xt    (as  we 
shall  see  later),'  and  finally  oecomes  proportional  to  y        as 
it  approacaes  ^   for  large  values  of  x*      Thus  if  we  plot 
R{L,a)     vs  C'  //  ^    then  as  ^    increases  from  zero  to  infinity, 
thev^bscissa  ^/x      of  the  peak  will  at  first  increase  in  pro- 
portion to  yuf^X  ^    and  ultimately  come  to  a  stop;  v^hile  the  width 
of  the  curve  will  at  first  oe  constant,  and  ultimately  shrink 
in  proportion  to  X  ^  •   If  we  plot  /  vs  C^/^k,  the  peak  moves 
as  in  the  previous  case,  while  the  width  of  the  curve  at 
first  increases  in  proportion  to  X  ^,  and  ultimately  becjmes 
Cjnstant.   If  we  plot  /  vs  C-^y^^    the  peak  remains  fixed,  and 
the  width  of  the  curve  remains  fixed;  only  the  shape  of  the 
curve  changes  as  the  positive  tail  is  reduced  until  Lhe  curve 
ultimately  becomes  .iaussian.   The  latter  oehavior  Is  illustrat- 
ed by  Figure  2  (differential  curve).   On  this  basis,  one  mie.ht 


) 


Jr 
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expect   15. 31   to   give    the   best  asymptotic   expansion. 


16.      The  Viei^hted  Edgevvorth  Sxpansioft,   Application. 


1., 


We  first  compute  the  generalized  moments  15* 3  of  the 
colli-sion  spectrum  8.1,   The  calculation  of  /V^f^)  and  i^iC^) 
uses  some  of  the  manipulations  involved  in  the  calculation 
of  11.4,  with  oovious  modifications  due  to  tlie  finite  value 
of  Cjff.      Otherwise  the  computation  is  perfectly  straightfor- 
ward  I  and  only  the  result  need  be  given  here#   (Terms  u(^)   are 
neglected  as  usual);  " 


^Csl  -  ' S  f,Cs> - '^  ^ ^Jl-  ^-'^' 


/*'  fi^^' 


y'O-  e-'<i.£i(-'K)-J^^iL-C)]      '"•' 


«."^  -  ^*/Ai>  -  ^  ^  ^■^-^-'  /'  (^^)] 


fi 


'      ( 


=  w^  *  ^'/^^-^^^^-^^A'-^^'i/' 


2 


The  exponential  integral  is  defined  by  (23,p#l): 


-£iC-K)  ^  Jf^dt 


16.3 


The    terms   multiplied  by  ytf *  in   the   brackets   in   16.1    and   16.2 
come    from   the    second    term    in    the    formula   8.1    for    ^C^^.    (See 


.0 


the  discussion  follov/ing  8.I.)  If  we  set  yS  ^0^    i.e«,dro^c 

the  ••ytf^**  term  in  8*1,  we  obtain  for  the  higher  generalized 

'  / 

moments: 


^  f 


^A-^Ki  (^^i) 


16.4 
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The    i^eneral    formula,    including   the    A^  terra,    is   then: 


y^  a;  -  ;f /a; 


(5; 


1.6.5 


The  formulas  16.2,  16.4,  16.5,  reduce  to  14,17  when  5=^. 
Formulas  for  Eiiry^^    for  small  and  large  values  of  X  are  use- 
ful (23, p. 3) : 

-k{-x)    '  J^^  i-X  -j%>"*  ^^  K"  +  ^:  U^r-C)    16.6 


-£(-w=  fY'-T'^7i-''7   ^"-^' 


,16.7 


If  vv'e  use  the  notations  introduced  by  15.  IC,  15#12,  and 
14.21,  we  can  rewrite  16.1,  and  16.2: 


J-r 


f-e 


—  U'/f')  -  ^'[C^M^  %  -  £.'('  %)] 


16.8 


£p  =  ?l^i  ^-J]  '  ^-  ^J^-h'  v-W 


16,9 


-% 


wnere ; 


J  -_-  -  ^  ^u^a  ^  Li-%)  y9'i-U-eV 


16.4   may    oe  'written; 


16.10 


^y  16.11,  the  quantities  A,  /I,  ^,  (^q.l5.l2,  15.10  oecome,  in 


case 


/ 


a_ 


=  0: 


^  =  a'^a-V^^f' 


k-  -a 


16.12 


4^=  a'' 


'4  l-('*%)e 


-% 


'     ^ 


C-^-v.//. 


16.13 


^*  .  |:T~.-^:T.T-,*'*?'r'» 
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r*- 


if     "  Jia 


/-r/^%  v^i^^^;e 


-^/a 


-<■/» » A 


16.14 


The   general    formula   for    X^  Ah  ^^^    is   easily   obtained 


from 


16.11,  out  we  shall  need  only  the  special  cases  16#13  and  16.14. 
The  corresponding  formulas  for  the  case  X>^^^  are,  from  16.5, 


16.12    -    16.14: 


i  =   h^C^'/f^T) 


'/i 


16.15 


Ji  -A 


/  /-^^^' 


o-r^'rj 


'/tif-}'^' 


16.16 


1  The  corresponding;  formula  for  ^   will  fortunately  not  be  needed. 


Let  us  first  consider  the  case  £,  =  ^  (Landau  limit).  Our 
weighted  formula  is  asymptotic  for  C— >  Uy  and  its  convergence 
may  therefore  ue  expected  to  be  worst  for  C—oO.  '.Vhen  C—*eo^ 
the  above  formulas  become: 


i-  '/a 


\    ; 


J 


---c^^ 


^   =   d 


'6 


16.17 


k      ^   ^ 


X 


c:  SL^ 


\. 
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Th 


e  see 


e  distinction  between  ^tf*-^  and  i^*^i^  disappears,   /sf 
already  that  the  peak  £a   as  given  by  16.9  has  the  Landau  form; 
that  the  width  of  the  curve  as  measured  by  tf^*AS  is  linear 
in  f,  in  agreement  with  Landau's  result;  and  that  the  shape 


of  the  curve  is  independent  of  f  when  we  use  the  variable 


r-£ 


^-f/ 


A,^  *  r?^  •  which  is  proportional  to  Landau's  variable  ^^^  —^  . 
The  shape  is  constant  because  the  dimensionless  weighted  semi- 
invariants  X    Hsl  ^^f        (of  which  /I,  £   are  the  first  two)  are 
independent  of  €.      The  essential  point  is^  that  Xoh^-^^  (ilq.ie.ll) 
is  proportional  to  /  ,  and  otherv/ise  independent  of  X    when 

/a  is  very  large*   Note  that  none  of  these  qualitative  obser- 
vations  would  be  easy  to  draw  from  the  unweighted  formulas 
14.17,  14.22,  14.23.  It  remains  to  determine  the  value  of 
d  and  check  tne  numerical  agreement. 


We  have  to  decide  how  many  terms  of  the  asymptotic  formula 
are  significant.   Once  the  number  of  terms  is  decided  upon, 
the  quantities  /\   and  B   (j;q.l5.14)  are  readily  determined  fro 


m 


15.13  and  the  expression  14.10  for  the  Hernuite  polynomials. 
In  the  present  case,  15.15  reduces  t^o  a  simple  algebraic 
equation  for  d.   The  smallest  number  of  terms  vve  can  use  is 
up  to  0\X    V,  i.e.  up  to  terms  in  A    only.   The  term  in  u(JcJ 
involves  iT*  and  higher  order  terms  involve  higher  order  semi- 
invariants  and  greater  labor.   The  table  below  gives  the  re- 
sulting values  of  ^,  ^,  A,  y,  //^^^Z  when  we  keep  terms  up 
to  the  orders  listed.   The  Landau  values  of  j    and  T^^^/^^   are 
^iven  for  comparison. 


K££3|C^KCsaSM 
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Convergence  of  ';ifeighted  Edgeworth  Expansion  when  ^, 


Last    terrr 
used 

A 

• 

S 

a 

Change 
in  A 

• 

J 

i^^^/') 

0  (x-'V 

0 

ja4 

>       » 

2 



0.116 

0.172 

1.4.14     • 

D  (."■') 

3- 

U'^. 

2.18 

0.18 

0.202 

0.187 

1.478 

Oi'^) 

A. 

2¥ 

2.45 

0.27 

0.319 

0.187 

1.566 

Hx") 

2.28 

0.17 

0.247 

0.176 

1.543 

V  e  ry 
great 

_-■ — 



» 

- 

Landau 









0.37 

0.179 

? 

The  columns  of  the  above  table  exhibit  the  typical  behavior 
of  asymptotic  expansions;   the  first  fev7  terms  i^^ive  more  or  »/ 
less  converging  results,  and  v/e  finally  come  to  a  term  which 


ives  a  lar^e  change.   If  we  follow  the  often  used  and  rarely 


justified  procedure  of  stopping  one  step  short  of  the  last 
•♦converging"  termj-w-  and  assuming  the  error  less  than  the 
change  produced  by  the  first  term  dropped,  we  should  use 
terms  up  to  0 CX  V •      Viie  then  would  have:       ■ 


\ 


'-^  In  the  present  case,  however,  we  are  not  simply  adding 

successive  additional  terms  to  a  series.   J^Iach  time  we  add 

a  term,  the  value  of  d  changes,  and  therefore  the  whole 
series  changes^  . 


.'  / 
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The  agreement  with  the  Landau  values  is  excellent,  even  to 
the  order  of  magnitude  of  the  error*   An  error  of  0^07  in  J 
corresponds  to  a  shift  of  the  peak  of  the  curve  by  0*07  on 
the   g^  scale  in  Figure  la;  a  shift  of  several  times  this, 
amount  would  be  barely  perceptible*   The  value  of  T^(^/^^   is 
correct  to  within  5%.     ^ 


^  i 


\o  ^(rV 


The  curves  for  the  cases  where  we  keep  terms  up  to 
and  0 ^X" /     have  been  plotted  in  Figure  la,  marked  "First 
Approximation"  and  ^'Second  Approximation"  respectively.   The 
inte^r:!  cv rv^  for  the  second  approximation  is  given  in 
FiguYe  lb.   The  Landau  curve,  marked  "i  =r///'',  is  given 
for  comparison*   The  second  approximation  is  definitely 
better  than  the  first;   the  agreement  is  quite  ^ood.   near  and 
to  the  left  of  tlie  peak,  and  the  ^^eneral  behavior  of  the  main 
part  of  tiie  curve  to  the  ri-ht  of  the  peak  is  correct,  although 
the  approximations  show  the  violent  oscillations  which  seem 

typical  of  this  type  of  expansion.   The  curve  ./(£tn)^     (and    \ 
its  integral),  which  rej.'resents  the  single  collision  law  and 
is  asymptotic  to  the  Landau  curve  for  large  £,  is  also  plotted 
in  Figure  la  and  lo*   It  will  be  seen  that  with  only  the 
second  approximation  and  the  /C£'£p)^     curves  as  a  guide,  one 
could  draw  a  curve  which  is  a  pretty  good  approximation  to  • 
the  correct  curve.   The  third  approximation  curve  u(^      J   was 
also  computed,  but  was  not  plotted  in  order  not  to  cluiter  up 
the  figure.   It  gives  no  better  agreement  than  the  second 

approximation,  and  is  even  a  little  worse*   Further  computations, 

I    ■  t 

with  this  method  will  be  made  using  terms  up  to  0(^^)% 


\   ; 


77 


The  value  1«4S  will  be  taken  as  the  limiting  value  of  the 


parameters  h    and  A^^ tor   ^^^;-^oo^      one  could  compute  these  para- 


-.i-r     =•   }•.- 


^  1     •     jo'.--' 


meters  numerically  from  the  curve  given  by  Landau,  using  15.23- 
15.27,  but  it  would  hardly  be  worth  the  labor,  as  they  are 
to  be  used  only  as  convenient  parameters  in  terms  of  which  to 
plot  the  curves*   It  will  be  seen  from  Figure  8  that  the  value 
^y^^LH-fi    is  about  the  value  required  to  fit  the  Landau  curve 
as  closely  as  possible  to  a  Gaussian  curve  near  its  peak# 


(The  Gaussian  curve  is  marked  *'i^=5^**  •  O**^ 


\ 


^*'   Note  added  in  pr-oof ;  I 

The  author  now  realizes  that  the  exact  values  of  )l^^   and 
t>   can  be  computed  readily  whenever  £^  is  known*   Comparing  the 
formula; 


Fi'M  =  e 


from    v^/hich   15.// can    be    derived,   with    the   formula:    (See    12*4) 


« t  • 


from  which  14,15  can  be  derived,  we  see  that  ^,  /^vv^  (etc.)i 
as  given  ^-^    15.10,  must  agree  with  the  definitions  15,23-15.27, 
provided  only  that  s   is  so  chosen  that  Cp   as  given  by  15*10 
is  really  the  abscissa  of  the  ^Deak  of  the  curve  P(£,iC)  • 


Since  we  knovv^  that  £p    for  the  Landau  curve  is  given 
16.9  withy-  0.37,  we  need  only  set  (15.17): 


oy 


di^  xs-g 

aes 

ot   \^ 

and  ^   are   g 

As^ 

=  a'^a 

-  /,L0C 

h 

=   4"^* 

■>/uoC 

iven  by  16.17: 


X 


\  I 


•3\  1. 
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Making  use  of  the  curve  of  J  vs  /c  given  by  Figure  3,  one 
could  then  similarly  compute  more  accurate  values  tor  A^   and 
h   for  other  values  of  '/c.     for  which  the  dotted  curve  (y^^-^) 

differs  from  the  solid  curve. 


The  effect  of  these  corrections  would  be  to  change  the 
values  of  the  parameter  ^v^  associated  v.-ith  the  distribution 
curves  for  A^  >   1.3,  and  to  increase  slightly  the  values  of 
^  f or  these  curves  and  hence  to  shrink  the  curves  of  Figure  2 
slightly  along  the  axis  of  abscissas.   The  end  of  the  curve 
/=■  vs  Aw^  (Fig.8)  would'  be  smoothed  out,  as  the  curve  would  end 
at  /^-0»7a^,  i,^^  1.606.   The  derjendence  of  the  integral  curves 
of  Figure  2   on  Aw'V^ould  be  made  more  uniform.   Figures  3  and  4 
would  also  be  affected. 


t^  * 


It  is  unfortunate  that  this  point  v^as  not  realized  until 

too  late  to  correct  the  curves  which  had  been  prepared  for  this 

thesis.   Fortunately,  however,  the  distribution  curves  are 

still  correctly  given  by   Figures  2  -  10,   The  curves  are  all 
interconsj  stent ,  and  the  i)arameters  Au«^  ^^  determined  from 

Figures  3-9  are  the  correct  parameters  to  use  in  interpret- 
ing the  distribution  curves  given  by  Figure  2.   It  only  happens 
that  these  parameters,  for  Aw-^l'S,  are  not  quite  the  true 
weighted  parameters  defined  by  equations  15.23  -  15#27. 

It  is  the  intention  of  the  author  to  prepare  at  the 

earliest  opportunity  a  set  of  distrioution  curves  based  on 
the  true  valines  of  Lhe  weighted  parameters.   The  actual  energy 
loss  dist rioutions  determined  from  such  revised  carves  will 
of  course  oe  the  same  as  those  determined  from  Figures  2-9 
of  this  thesis. 


The  values  of  the  param.eters  when  C  <  a6   are  computed 
first  for  the  case  fi^^O.      Je   compute  as  functions  of  ^a  the 


cuan  ti  ties : 


f 


X  = 


*/'4  =   0-  e''^)  ^' 


M'i 


/-(/*%)e 


-Va 


C 


/=    %^ 


[l-(i^%)e'^^] 


-%?» 


i6.ia 


■\ 


MMtt 


laBtiBhhM'atiJiair.itr  if- 


':.  ':'"'■'■   ■!'''-'■■•:-    -         ■■  ' 


/^ 


The    formulas    on    the    ri^ht    are    valid    only    for^*=r^#      In 
te-rms    of  ^^Jt^jf^    eaiation    15.15    for  a    becomes    fv/e'are    work- 
irie;    to    OCJ^V    always): 


a- 


2^/j[ 


7-JfiA-  ?i) 


16.19 


16.19  i^ives  a.  as  a  function  of  ^/a  ,  from  vvhich  we  get  c   as 


a  function  of  ^/g,   .   o,  Aj  if,  and  /  are  then  determined  from 
>  16.17  and  16.18  as  functions  of  C   or  */^.   The  values  of  *  X, 
^1  4  >  ^j  ^1  /Ij  and  J,  computed  for  x>^n^,  are  ^iven  in  Taole  3 

as  functions  of  9a  •  ^^^   small  values  of  C^    approximate 
formulas  are  given  at  the  bottom  of  the  table;  the  point  be-- 
lo^^  Vvhich  the  formulas  are  accurate  to  vathin  about  1/^  is 
marked  bv  a  check  in  each  column  of  the  table.   The  firsL 
term  in  '..he  approximate  formulas  for  k%  At    and  ^  agree  with 
14.23  and  1^.22.   The  number  a.  varies  only  from  2.13  to  4 
for  t'le  entire  range  €A^C>(?.      The  number  yf,  wl 
in  the  relation  ^^^Ak   varies  only  from  1  to  Z/Z.    which 
3Uj,vests  that  the  shape  of  the  curves  can  be  characterized 
fairly  well  by  giving  X    alone,  with  the  other  semi -invariant  s 
maintained  in  a  fixed  relation  to  X*       This  observation  'Ae  vvill 
want  to  extend  later  to  cover  all  values  of  P^^    as  well  as 
to  cover  the  case  where  the  collision  spectrum,  is  a  function 

of  i* 


■».. 


wnicn  aooears 
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\ 


The    parameters  k^  /A,    and    /    computed    in    this    way   are 
Inst     ^c     in 


plotted    a-:ai 


Fig»    5;     these    are    the    curves    marked 


%*  — ^'•.      The    dotted    cilrve    in    the    /  t^raph    is    the    computed 
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curve;  the  solid  curve  was  obtained  by  joining  it  smoothly 
to    the  Landau  value  j-0#37,  which  is  valid  for  large  values 
of  C.      As  the  considerations  in  the  next  section  will  indi- 

-      ,  -  -;  fc     ■    .  ....  ■       .       - 

cate,  vve  expect. the  true  value  of  j  to  be  constant  for  C 

greater  than  about  4,  and  to  decrease  monotonically  for 

» 

smaller  values  of  C.   The  av'proximate  j  rises  slightly  to- 
ward the  Landau  value  0,37  as  the  convergence  improves  with 
decreasing  £,  and  reaches  a  maximum  0.32  at  3#5,  decreasing 
monotonically  thereafter*   The  fc  curve  is  practically  constant 
f'-jr  £>5,  and  then  decreases,  in  agreement  with  the  fact  that 
the  width  {^bS)    of  the  curve  is  at  first  proportional  to  ?, 
and  then  increases  more  slowly,  being  ultimately  proportional 
to  5  *•   The  X   curve  is  asymptotic  to  its  Landau  value  1*48, 
but  begins  to  decrease  appreciably  for  C<   18,  since  the  tail  of 
the  curve  is  reduced,  as   V|  decreases,  before  the  main  part 
of  tiie  curve  near  the 'peak  is  affected^   An  approximate  ciirve 
computed  from  15»13  for  the  case  A^^'^-li  usin^  terms  up  to 
0(^  )     is  given  in  Figure  Ic.   The  correct  curve,  computed 


by  a  method  to  be  given  Jn  t/ie  next  section,  is  also  ^3iven. 
The  agreement  Is  very  good,  particularly  near  and  to  the 
left  of  the  peak.   A  small  oscillation  in  the  tail  is  still 
evident.   The  unweighted  Ed'^^evvorth  expansion  ao])ears  to  ^ive 
a  oetter  api»roximation  to  the  right  of  the  peak. 


m 


The  number 


^  does  not  vary  greatly  when  jj^   varies  from 


0  to  1,   If  we  define  a  ^^  for  the  unweighted  parameters, 
which  are  more  sensitive  to  ^*  than  the  weighted  parameters, 


/* 


we  have ,  by  14, 22 ; 


^u     " 


16.20 


,/. 
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The  factor  depending  on  ytf*  varies  smoothly  from  1  to  1.125  as 
/*  varies  from  0  to  !•   Thus  for  fairly  large  Jfi  when  the  un- 
weighted  Edgeworth  expansion  is  valid,  and  the  term  l/(X^  J 
v;hich  involves  /^  is  only  a  small  correction,  the  curves  com- 
puted for^tf^-^will  do  for  any  value  of^*,  provided  the 
correct  values  of  /I  and  d"  are  used.   This  observation  is  also 
valid  for  fairly  small  values  of  X%    as  will  be  seen  bjr  compar- 
ing  the  two  curves  in  Figure  Id,  which  were  computed  by  the 
methods  of  the  next  section. 


1.4. 


Since  the  value  of ->r  occurs  in  a  small  correction  term 
in  a  (Eq#16.19),  we  are  going  to  assume  that  the  correction 
factor  to  be  applied  to  a  when^^^^^  can  be  obtained  by  using 
the  approximate  formula; 


a  -  a 


4^  -  ^^ 


16*21 


*rt. 


t. 
% 


i'   * 


L  .  I 


Usin^  16»15,  16#16,  this  gives: 


/J    ('-4-WJ^ 


Trf, 


0-4-'  ^9 


16.22 


Ve  thus  get  for  the  correction  factor  to  be  applied  to  ^' : 

vvhere  <^^  ^,    ^'are    the  functions  of  ^/^    given  in  16.18# 
The  correction  factor  is  now  a  function  of  ^  and  y^*  only, 
and  can  be  easily  comi^uted,  since  J^  ,  ^  ^    A     were  already 
computed  in  the  previous  calculations.  A  is  obtained  as  a 


16*  23 


i 


V   • 


■»-,l> 


BMritfiiiifeiliiriii 


'•-~'—^-~*'  I"  "-'■I'ff-miim'" 


function  of  S^  and  y^*  by  multiplyins  ^/gf    ^^   the  ¥^alue  d' 
of  cl  computed  tor  a^f  ^%     C-  is  then  immediately  determined;  , 
^nd  b^  X^    and  /  are  computed  from  16»15,  16#16,  16»10«   The 
results  are  ^iven  in  Table  4,  and  plotted  in  Fi^^ure  3.   Signi- 

m 

f  leant  deviations  from  the  values -in  the  Landau  limit  £  — ^««>, 
occur  at  much  larger  values  of  C    for  larger  values  ot y^  .  * 

Figure  Id  shows  that,  when  the  correct  curves  for  yd'*-/ and 
S^^O^    computed  for  values  of  t   corresponding  to  the  same  value 


of  Av,^  according  to  Figure  3,  are  plotted  against 


£z£c 


with 


w 


w 


obtained  from  Figure  3,  they  do  in  fact  agree  to  a  suffi- 


ciently good  a^jproximation  for  statistical  purposes. 


17*   Other  Methods. 
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• 


Let  us  suppose  that  }l CS^}   can  be  written  as  the  sum.  of 


two  functions: 


«^r^^7  =  yz-^"^^  ^^ir^^y 


17.1 


\ 


For  convenience,  we  omit  the»term  JH  X  ^^y   t)e  regarded  as  in- 
cluded in  <\ror  jiL..   By  10,.  10,  we  have: 


17,2 


^ 


r 


Using  17. 2|  10.10,  and  the  converse  of  theoremll,  Section  10, 
(22, p. 163):  '- 


X 


P(U)  =  fPx(^U)^C£-tU)Ji 


17.3 


where  f^iC^K?  %    KrCS^x)    ^^^  '^^^    energy    loss  distributions  corres- 


ponding  to  the  partial  collision  spectra  ^  and  itL^ 


17.4 


i  1 


^■■ 


'% 


*• 
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C+icb  _ 

s£-i-x[Zcs)-}L(o)J 


If-  & 


t^;.-  i 


I 


A  '■■■  1-   .    \ 


i: 


17.3  is  just  the  formula  for  the  composition  of  two  independent 
random  variables;  since  they  are  independent  of  c,  the  two  * 

^  .  T'  ' 

partial  collision  spectra  ^^  ^^^  ^  "^^^  ^^  regarded  as  causing 

i' 

independent  losses  of  energy.   We  may  thus  transform  our  — 

*   -  "■-■''•'.',-  '  '       I  '■ 

problem  into  one  in  which  the  particle  first  traverses  a  dist- 
ance  x  in  a  material  characterized  by  i^,  and  then  a  distance^ 
X  in  a  material  characterized  by  }ij^^       ^(£,x)     and  fj^^^i^i   are 

the  distrioutions  of  energy  losses  in  the  two  materials  separ- 
ately,  and  we  get  the  distrioution  in  total  energy  loss  from 
17 ♦3.   It  should  be  remarked  that  the  spectra  itj^(^)   and  ^^^V 
need  not  be  physically  realizable,  and  may  even  take  on  neggi- 


I  \ 


•c-/-i 


<      k      -  ■  i 


tive  values  for  some  values  of 


In  the  latter  case,  F-t 


and  /^  may  take  on  negative  values^   (A  negative  }f  C^j   would 
represent  a  proDaoility  for  particles  to  be  removed  from  the 
energy  loss  Vdinge    ( £j  S'f' €/£)   and  transferred  to  the  range 
{f-S^^  f^S^-hJCy^    but  the  numoer  of  particles  so  transferred 
would  be  proportional  to  the  number  already  at  \£  -^  ^^  )  t'^^ 
and  not  to  the  number  at  £^    as  would  be  the  case  if  the  parti- 
cles could  simply  gain  energy  in  a  collision.   The  latter 
possibility  would  show  up  as  a  non-zero  value  of  }lC^)  for 
negative  values  of  ^;  this  kind  of  a  }iCS  )    is  not  likely  ^o 


CT 


be  of  any  use  for  the  present  purpose,  unless  we  are  dealin 
with. a  problem  where  such  collisions  really  can  take  place.) 


'■  % 


fci 


'^      See  the  fundamental  equation  9.4 
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Let  us  expand  the  factor  ^  in  the  integrand  of 

10.10  in  a  power  series,  where  we  suppose  that  Jl~^: 

Integrating  17 #5  term  by  term: 

Define  the  distribution  /^   (€,x)    by: 


17.6 


P  u 


17.7 


tf-/> 


Usinj^  10.5,  and  the  converse  of  Theorem  II  (and  III),  Section 
10,  we  obtain: 


17.8 


Thus  Op^l^/X/     is  the  probability  that  the  |)article 
total  energy  S  in  Pi   collisions  in  eoing  a  distgmce 


loses  a 
Jr.   17. 


jecomes  : 


17.9 


.  The  interpretation  of  17*9  is  obvious.   The  ^th  terra  gives 
the  contribution  to  r(£,x)     due  to  those  particles  which 
suffer  just  n  collisions.   The  factor  C      represents  the 


t 
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decay  in  the  niimber  of  particles  in  any  given  group  due  to  ^ 
removal  of  particles  by  collisions,  v/hich  occur  at  a  rate  of 
a(^^    collisions  per  unit  distance.   Since  /fjLj(^/^^    is  pro- 
portional  to  ;(  ,  each  term  e  F/iA^^K)   builds  up  to  a 

maximum  at  j(  =  /}tl^   and  then  decays  exponentially*   If  ^iO) 
is  large  (as  in  the  case  of  8#1),  17.9  is  of  little  value 
except  for  extremely  small  values  of  X^      When  Is(^)   is  small, 


^  ",  **' 


.*^ 


the  first  few  terms  of  17«9  may  give  a  good  approximation  to 
rC£^)c)  .      Here,  as  in  17.3,  the  mathematical  derivation  of 
17*9  can  be  carried  out  in  cases  when  }fCS^J   is  not  a  physi- 
cally  realizable  collision  spectrum. 


If  we  can  split  }t   into  two  functions  J^  and  ^  such  ^ 
that  the  solution  for  ^  is  known,  and  cL^^)    is  small,  we 
can  use  17.9  and  17.3  to  find  the  solution  for  the  spectrum 
}!.      This  method  was  used  to  compute  the  curves  of  Figure  Id, 
taking  ^  as  the  Landau  collision  spectrum  11.1.   For^*  =  ^, 
the  computation  of  r(S^x)   ,  using  the  Landau  curve  for  Fr(€^X) % 
requires  only  terms  up  to  /c  -  8  or  3  in  17.9  for  ^^^1  •       For 
g^:sl  t    the  computation  becomes  rather  laborious  for  A^</«^» 
This  method  was  also  used  by  Williams  (2)  to  obtain  his  result 
for  the  Landau  curve  by  taking  ^  as  8.1  with  i^«/"^  and  >f*=^, 
where  /"^  is  chosen  small  enough  to  make  the  function  r^(S,jf) 
approximately  Gaussian.   (See  Section  2.)  }L^  ^blQ    then  taken 
s  the  remainder  of  the  spectrum  £!^< £'^co  ^    and  /g(£^X)    comput- 


a 


ad  from  17.9.   A  better  method  would  prooably  be  to  use  either 
the  weighted  or  unweighted  Edgeworth  expansion  (or  ooth)  to 
t  /6.,  '  choosing  ^^  to  make  >!:$•/.   For  a  given  ^,  this  give 


g^ 


s 


,   * 


c 
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a  much  better  approximation  to  ft^   than  a  Gaussian  function. 


or,  alternatively,  it  allows  the  use  of  a  much  larger  iC-  ^^^ 
the  same  degree  of  accuracy  in  /^  ,  with  consequent  saving  of 


(if- 


labor  in  computing  f^. 

Let  us  consider  a  large  number  ^  of  particles  traversing 

I,  » 

a  distance  j(  in  a  material  characterized  by  8.1  with  jf^^l?. 


We  suppose  that  C -^ 


is  moderately  large,  but  not  infinite^ 


The  resulting  distrioution  F^(£,x)     will  be  similar  to  one  of 
those  of  Figure  2,  with  >(.  <'  1.48»   We  now  allow  the  particles 
to  traverse  a  distance  X  in  a  second  material  characterized 
by: 


}ij,UO    = 


0 


17.10 


The  number  of  particles  which  suffer  no  additional  collisions 
in  the  second  material  is  /le.  -  n  e.        \    the  distribution 

of  these  particles  is  just  e     /f fL(£,x)  ,      The  /f  (/- £'  *■ )    par- 
tides  which  suffer  collisions  in  the  second  material  are  all 
at  least  an  amount  £^  farther  down  the  energy  scale  than  they 
were  after  leaving  material  T%    hence  their  distribution 
yffiffClfX}   -i^  begins  at  ^g-^^t''^^^^    where  /V  1®  the  smallest 


e 


nergy    loss    for    which    f^  CS^a)   ^^^    an    appreciable    value 


^     We    depart    Mll;-^hlly    from    thy    previous    no  t.atl^jn    in    tliat 

£  in    Rjf  (€^x)    iH    thti    Bum    of     the    ener^^y    lost    in    mMlftjrl.Mia  JT /md 

Jf  y    ^"^"^^  /ijrit/K)      includes    only    particles    which    ioae    some 

energy  in  ^.      \r\  P^it^K)   as  previously  used,  (E(i.l7.4),  i 

was  the  energy  lost  in  material  JT *    -i^^  ^  (^/A)    included  all 

particles. 


.  V  ' 
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.j*^  .„,,-  ■« 


'■i-.V-.-Jl.  ^««.- 


-;s: 


I       I 


The  complete  final  distribution  is  /IRU^)()~^^    ^f^Ci,x)*^^^^/^K 

^(£/X)      is  ^he  LaJldau  distribution  function*  u^(^^x)      and 
e^  ^  /f^  C£^x)     will  coincide  for  /  between  /^  and  £^f£^\    and 


♦t 


.1' 


for    £  >  {^f£^^    Pidf^)      vvill   have   a    larger  tail.      Hence    the 


-fe  /,* 


#: 


curves    e    ^r(B/X)      ^'^^    ^^^^   collision   si^ectrum   6#1   withy^ 


^^^ 


t-t 


if  plotted  against  A^^   — ^^^  ,  vviil  coincide  with  Lhe  Landau 
curve  /^(fjX)     from  ^^^ — /  (see  Fi^*  la  or  lc>  to  4^-^C-y^^^, 

and  will  fall  below  fi^(Sj^)     jeyond  this  point.   For  c>,4,  the 
curves  will  coincide  up  to  .or  beyond  the  peak  /l^=^;  this 
confirms  the  statement  in  the  last  section  that  we  should 
expect  /  to  be  constant- for  ^>4,  if  yf*=^« 

The  same  remarks  will  apply  if  we  plot  against  ^v^'^Tp  > 
for  all  values  of  C    for  which  jb^A/^m      Fortunately,  h   is 
practically  constant  for  values  of  c   down  to  about  4  (>f^-^)i 
i»e»  Ay^^  I i    so  that  this  behavior  of  the  curves  is  preserved 
Wiien  they  are  multiplied  by  an  approv-rici te  factor  and  ^.)lotted 
against  /X^   as  in  Fiix<^ure  Z*      For    £<4,  the  method  of  plotting 
in  Figure  2  is  such  as  to  fit  all  the  curves  as  nearly  as 
possible  near  tVie  peak*   (See  the  next  section.)   For  a  ^iven 
value  of  Cf    the  curves  for  larger  values  ofjff     will  peel 
away  from  tlie  Lnndau  curve  sooner  than  for  jg'^^^^    since  the 
^^   term  nn  8.1  reduces  the  collision  spectrum  HC^/    for 
values  of  ^*   less  than  ^.   Ccjrrespond  ingly ,  tne  valiAHs  of  A^^ 


(Fig. '5),  for  a  ^Iveii  value  k)[   C^    decrease  as  fi^   incre.iaerj. 

For  very    large  values  of  C,  the  curve  Pl^^x)      for^^-^ 

may  be  obtained  approximately  from  the  Landau  limit,!  ng  curve 


y 


•*  :■■ 


i 
J, 


X 


*^ 


R  C£yX)  ^y   multiplying  by  s'^    (usually  a  negligiole  correc- 
ti on),  and  cutting  the  tail  of  the  curve  off  at  f^^^^m* 
This  corresponds  to  assuming  that  any  particle  at  a  point 
in  the  tail  of  the  Landau  curve  has  arrived  there  oy  a  sinj>:le 
collision  in  which  it  lost  an  energy  S-Epi    if  c'Ep>^n9^ 
then  with  the  correct  spectrum,  the  particle  would  not  have 
suffered  such  a  colli sion«   A  somewhat  better  approximation 


would  be  to  set : 


Fct^x)  ^  e^^ Fji^K)  ' 


ii<£f'it'h^L) 


^< 


U»0 


17.11 


Fit.x)  -PU^'mKA''P(^^'^)J^]  Ct>i^'n^^L) 


This  cuts  the  tail  off  gradually,  beginning  at  about  £'=^ 
tp^fs'^^m*      It  corresponds  roughly  to  assuming  that  any 

oar  tide  near  the  end  of  the  tail  in  the  correct  curve  rCE^KJ 

t  "I 

has  arrived  there  by  losing  about  £^   in  a  single  collision;' 

as  £   becomes  greater  than  f-ft'^^tnt    we  apply  a  factor  to 

■    ]  •  '  '     ' 

correct  for  the  fact  that  parLicles  in  the  early  part  of 
the  distrioution  can  no  longer  reach  f  by  a  single  collision. 
17,11  gives  a  good  approximation  when  Ay^>1.4*   When  ^^^^  ,• 
the  approximate  curve  for  lar^^e  C%    or  Ji  >1,4,  may  be  obtain- 
ed by  multiplying  Fj^,*)      by  Hi-  J  [HJ^^^'^ffS^lJ^^l       /(where 

/•f 

ViC^')     is  the  spectrum  11.1  and  )l(^'/   is  the  correct  spectrum 
8. 1  ;1| and  replacing  the  tall  of  the  Landau  curve  h^   the  single 
collision  distrioution  H(E'^^g)     f^r  large  values  of  £*(say 
^"^fi   >^^^  ).   If  ^'^/  there  will  be  an  abrupt  cut-off  in  ohe 
il  at  £^t£^   ,  which  could  oe  avoided  oy    a  device  similar  to 


i.a 
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'  >}i* 


g« 


\ 
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uhat  used    in   17»11. 


\>. 


18.    Construction    of    the   Distribution   Curves. 


i'iie    method    of   obtaining    the    wei;^hted   parameters    ^,   ^, 


^ 


as    functions    oX   C   and  yj^    has    ^een  de8crib<:^d    in    Section    l'"^. 
It    was  ,  shown    at    tlie    end    of    ;^ection    16    that    to    a    Kjood    a.'^proxl- 


I  i 


mationall    the   distribution    curvuu    wViich    result    from   a    spectrum 

1,  -  ;  ,-      -.- 

of    Uie    form    8,1    can    be    characterized    by    these    three    parameters 
alone.       Variati. ,)ns    in    the    first    two    parameters    are    transformed 
avvay  by   choosinjj;    As  £-!&'     as    the   variaole   characterizing;    the 
energy    loss,    and   plotting    the    functions:  ]  \ 


^x^  ^"^f  '  ^'v.  P(e,>t) 


18,1 


./ 


\ 


The  functions  R    (^)  ^^^   normalized  in  the  scale  of  the 
variable  4^^,  and  are  a  one   parameter  family  of  curves  character- 
ized by  the  single  parame  ter  J[^.   The  relations  oetween  the 
distribution  curves  for  different  values  of  /i^  are  more  clearly 

brought  out,  and  interpolation  between  the  carves  for  inter- 

^    I        .    • 

rrerliate    values    of    y|^   is    c»^'eatly    facilitated,    oy    plotting    - 
'%     (^v^)i     'vbere  /^  is    a    factor    chosen    so    that    the    curves    all 


fi 


incide  at  their  peaks  iA^'^  ff) .      The  curves  then  agree  very 

j  -  :    .f 

closely    in    the   neighborhood    of  A^^ 0  and    fan   out    in   a   regular 

ii 

way  as  I  we  go  a'  ay  from  the  peak.   This  oehavior  can  be  seen  in 

11  '  '  / 

Figure:  2|  where  the  fa^iily  ^^^    curves  '^ f\    (A\fu)    ^^   plotted. 


F'X 


Vv 


riie    curves    for  X     >/     c  ;incide    to     the    left    of     the    peak    as    ex- 


w 


plained  in  the  ^^recedin-^  section. 


The  curve  At^  - ^  i s  simply  a  normalized  Gaussian  curve 


V|r 


with   unit    standard    deviation.      For    a   G-aussian    curve,  ^^^^, 
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y 


-   i 


and   A      si    ss/f.       The    curve  J   tsO.5   v^as    obtained    to   the    left    of 

i  ■  .     \       .      :  i      ;       j    '  ,_   -  • 

the  peak  from  a  weighted  Sdgeworth  expansion,  and  to  the  rii-,ht 

from  an  ordinary  2dgeworth  expansion,  with  ytf*^^,  and  choosing 

C«0*95,  which  corresponds  to  Ji.  s^'O.S.   The  curve /I ^^^  0.8  is 

'-  .         I         . 

plotted  only  to  the  ri^-^ht  of  the  peak,  and |  was  obtained  from 

!  .    ;         _     . 

an  unweighted  Sds^wortfh  expansion,  v^ith  fi^^O    and  ^=2«4.   The 
curve  ^^/*1«48  was  taken  from  Landau's  paper  (3)  with  appropri- 
ate change  of  scale.   The  curves  /i^^— 1*0,  ^-S,  1.4  were  obtain- 
ed  by  the  method  described  in  Section  17.   The  curve  A^^-l.C 

is  essentially  the  same  as  would  be  obtained  from  an  Edgeworth 

I 
expansion,    as    shov/n    by    Figure    Ic.       The    curves  J(     =  l.O    and    1 


vv 


2 


were  calculated  tor  fi^^if.      The  curve  Jl^'^  1.4  was  computed 


for  both  ^^-^  e.nd    a^^/    (Fig.  Id);   the  curve  plotted  in 
Figure  2  is  intermediate  between  the  tvvo.  ^ 


9 


t 
*> 


i 


The  factor  /  required  to  make  the  peak  values  coincide 


with  the  peak  ordinate  0.399  of  the  Gaussian  curve  was  deter- 

iCijg)   from  the 
Edgeworth  series  and  settin*^:   ' 


mined  for  X<  I     by  comouting  the  value  of  ^ 


/^  = 


The  factor  r    for  th^  Landau  curve 


is  : 


18.2 


^  - 


I 

4 


=  fi.i,i? 


18.3 


•'        % 
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where  (h  is  the  function  given  by  Landau  (Eq»ll«8). 
use  was  made  of  the  result  of  the  previous  section 
peaks  will  coincide  if  we  set: 


For  J  >/ 

that  the 


/=: 


'4X 


18.4 


K 


whero  C  i :^i  t>ie  valuB  of  ^/^  corresponding  ^'^^  ^vr  ^^^^Jf    ^^* 
The  curves  for/^as  a  ftmction  '>f  /«i^  eom])ulHd  frv>m  iHT:3  and 
18*4  Join  smoothly  at  yl  -- /  .   Tliin  curve  is  piolled  in 
Figure  2. 

The  integral  curves  in  Figure  2  were  obtained  by  inte- 
grating the  series  used  for  \^^  I  %    and  by  integrating  numeric- 


ally the  computed  curves  f  or /(  5^  /  •   The  normalized  integrals 
C  PltjJ()J£     were  plotted,  as  it  was  felt  that  the  curves  would 
be  more  convenient  to  use  in  this  form.   If  v»/e  plot  instead 


^  y^«. 


x)JL  ,  then  the  integral  curves  exhibit  the  same  regu- 
larity  as  the  differential  curves;  th^y  all  very  nearly  coin- 
cide  for  iky^<0 %    and  for  positive  A^i    the  curves  peel  off  one 


by  one  and  approach  their  respective  horizontal  asymptotes 

// 

corresponding   to    the   respective   values   ot    /p  m      The   differen- 


.;•■  L- 


tial  curves  ^ P(£,x)  coincide,  for  i>  1,45,  with  the  Landau 
curve  throughout  the  range  of  iij^  plotted  in  Figure  2»  Hence 
the  integral  curve  for  /l^^l»45  may  be  obtained  from: 


14' 


M  ■  ■' 


18.5 


H  i 


whrtpt^  /r       \  t\    l.nknn    fram    Fl  j.tiro    r    or,    l>nt,t.c»r,    r'om]>t!tnf1    from 


•v 


(iiec.  17)  : 


18.6 
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Had  we  used  the  unweighted  parameters  f,  Ct  Jlu>  and 


plotted  the  functions: 


■*    >^ 


/^  (4*;  =  c  /'aw     u 


; 


18.7 


vvn     vv(iul»l     )»ivo     ohtn  Wio(l     n     no!.     y\T    rii  rvnn     wbnno     j)nnlcn    ^oti 

nrtrrowrsr    nrul    Inllr.r    ah  Jl^^    Inci  ortnnM,       in    l.iir-    Lniulati    llmlL,' 
t\   ^  $  Jiu,    ^^^    ^H    inflniL«|    lUa    pe^ik    la    Infinitely   narrow     i 
and   infinitely  high,    and   its   abscissa   is    A*^  "^  ^  .      For 


^^^  - 


/L  > 7  ,    the   curves   would   be   different   for   dj,fferent   values 
of  ytf  ♦      The    weighted  parameters   give   a  way   of   plotting  the    / 
whole   range    of    curves   on  a   scale    convenient   for   all« 


The    differential    and    integral    curves   plotted    in 
Figure    2    are    tabulated   numerically    in   Table    5* 


19*      Relations   between  Vifeighted   and  Unweighted   Parameters 


'/   ( 


The  weighted  parameters  £,,  ^,    /l,^^  are  in  general  more 
difficult  to  compute  than  the  unweighted  parameters  c ,  ^  t  '*^ 
/\^^,  even  in  the  case  when  the  collision  spectrum  is  indepen-  ^ 
dent  of  C.      V/hen  A'l^V  depends  on  £,  the  fundamental  equation 
can  not  be  solved,  as  in  Section  10,  by  a  Laplace  transforma- 
tioa,  and  it  becomes  completely  impractical  to  determine 

directly  the  weighted  parameters.   The  unwei,-hted  parameters 

oati,  l^ownvi^r,  nil  11  be  de  t^  riained  ,  aa  will  be  phuwn  in  the 


*»' 


-j^i^'i.  -  ■  ^'.'  -ii: 


noxt.     I'iViri  j » to  r  .         V^o     niiial      l.hai  ofcii  o     bo     n1»lr>      to     t.  ff^no  f » » I'm     ft  » 


>m 


Unwc  i^/Ji  t.bd      to     WCJ  1:-' liLc5i1     |>ca  Inmn  l,o  i   n     In    OrddT     ti»     itno     t  bo     r.mvoa 

of   Figure    2. 
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Given  ^   and  y5^,  we  can  deterniine  c  from  Figure  3,  and 


a       *»••- 


^^  and  €1^   are  then  given  by  14.24  and  14.23.     Values  oxAy^    vs 
A^ Obtained  in  this  way  are  plotted  ia  Figure  4.     As  JL -►1.48, 
A^-^oo.      For  A^S  I y   we   can  take  Xh^^w  ^^  ^  fai|rxy  good  ap^^rox- 
imation  for  all  values  of  js\      The  curves  are  asyijptotic  to     , 

A^^^  1.48  for  all  values   of  ^%    but    the    ap^jroacn  to   tiiis  asyiiip- 

LoLo    l:i    nlowcr    for   i;iiv;i>r   valiu^.    of    yd^  .       'Via     ruiio      ^x  <d 

tuTMiu   owl    Lo    L)ti    iitjariy    iiidOj)tjudcnL   ol'  ^.       TUi:i    ruLu)    la 
plotted  in  Figure  4.      The  poinls  computea  \:oy  a^ O   and  4^3/ 

are    indicated   X>^   the    dots    in  Figure   4,    and   tiie    curve   drawn 


through  them   is   a   sufficiently  good  ap^jroxiiaation   for   all 
values   of    ^^ 


^ 


The    ratio    ^"^/^-^O  as   \^  L.'l.'c^. 


From  1G.9  we   obtain: 


'Vv 


I 


Af 


=  UJ^c-J  -p') 


19.1 


,5'  ■  ■»» 


From  this  ©quation  ana  Figure  3,  we  can  determine  /i^,  wnich  is 
plotted  against  A^  in  Figure  4.  The  result  is  essentially  in- 
dependent of  yff^.   The  conversion  from  weighted  to  unv/eighted 
parameters  and  vice  versa  is  reacdly  carried  out  oy  means  of 
the  curves  given  in  Figure  4.  The  numerical  values  tvoiu  wnicn 


Figure  4  was  plotted  are  given  in  Table  6 


^\  It  Should  be  pointed  out  that  C'VO  is  Just  the  mean 
square  fluctuation  of  the  variable  Aw,  measured  irom  its  mean 

! 

.  i|  -      •       ■     .   .        :  .  .        .  ■...  ■  '  ■  ■ 


V 


n 


/^ 


r 
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•s 


value  A^\ 


00 


?..  i 


'^T  ; 


x:  g;jJ(<^K.f^J''^UA 


W 


19.2 


v; 


I  /3     ^ 

here  /J  ^4^^j  defined  by  18.1,  is  given  by  the  curves  of 


Fi>j,ure  Z*      Kence 


(^/^  J   and  A^  are  determined  v»/hen  A  ^idyyp/ 


is  ^iven.   To  the  extent  that  the  distributions  for  all 


values  of 


/» 


and  C    can  be  represented  by  a  one  parameter 


family  of  curves  M     (^w)*    ^^^    quantities  ^"J^  and  A^  must 
depend  only  on  Jl  •   The  fact  that  they  are  very  nearly  inde- 
pendent  of  ^^  is  an  additional  confirmation  of  the  possibility- 
of  characterizing  the  shape  of  the  curves  approximately  by 
the  sin^^le  ^jarameter  i  •   'Ihe  parameter  At^    is  also  determined 
once  the  shape  of  the  curve  is  given: 


4^  =  (^/Jcd^'^J^^J^w?l 


w 


19.3 


-0t>  , 


The  parameter /i,^  is,  ho"«ever,  much  more  sensitive  t,o  variations 
in  the  tails  of  the  curves  than  the  weighted  parame  ter /|^^, 


The  effect  of    the 


/ 


term    in    8.1    is    to    make    the    tail    of    the 


collision    spectrum    thinner    i^(^/    smaller)    for   large    values 
of  /•    .       This    results    in    a    similnr    effect    on    the    energy    loss 

distribution;   /  (£jX?     hag    a    tliinner    tail.       Joth/ij^    and  A^  are 
1n    gQiH^r.Ml      lMry,f»r    fryr    n    1 'ni^-;     t.liin     in  J  I     llinii    for     n    nliort,     t.hick 


aliuirj     In     cornj/U  I  1  r^£i   ^Ws/ •      icJtia     vyoi^ht     la    ^lv».?u     Lu     lh«     tinU     oX      Li 


1C3 


.    / 


■ » 


f» 


•  ; 


A 


':yT>  ^\-'\'V  ".-  '^::^^ 


"  -*fv 
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tail.       By    chooairii/    curves    with    the    same    value    of /ivy*    ^'®    match 
their    shax->es   as   nearly    as   possible    over    the    main  part    of    the      ^ 
curve    (see    Fig.    Id),    out    the    curve   v^ith    the    lon^^er,    thinner 
tail    i/i^'^l  )    will    have    a   lar^^er  Aia    than   that   with    the    shorter, 
thicker   tail    (/J^^O).      These    qualitative    considerat j  ons   are 
expressed    quantitatively    in   Fi^^ure   4,    where    the  /l^   vs    ^w^ 


curvon   for  dltT'^rnnt   v.ilnr?n   nf  £     are   plotstf^l. 

basic  aHsump  1  1  »»r\  on  which  ibn  renuii;;  ho  far*  ^h- ..end  ,  *  thrit 
)l(^^  is  independent  of  £,  may  be  expected  to  be  valid  at 
least    for   thicknesses  X   f^^  which   the    mean   energy   loss  ^is 


a    sm-fll    fraction   of    the    initial   kinetic    enert];y , ,  say    /*^^»/^# 
The    var-iation    of     fdC^/    v/ith£'    at    hi^h    energies    (y^ -^  /  ) 
consists    almost    entirely    in    the    variation    of  ^j^   (see    Eq»     8«1]; 
At    lower    energies    ij3^<  /  ),    the    variation    of    the    factor    /^^ 
in   YCS^O    must    also    be    taken    into    account*      There    is    also   a 
small    variation    in    the    value    of     c^"^  J  ^C^^) ^^       due    to    the 
Vctr'iation    of    JU^  ^€  .       The    limits    of    validity    of     Lhe    results 
of    the    present   chapter   can    oe    more    precisely   determined    from 
the    result.s    of    the    next    chacjter* 


1   ' 
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CHAPPER  IV  j 

I 

SOLUTION  FOR  A  COLLISION  SPECTRUf'l  DSPENDSNT  DM  THE  ENERGY 


20.  Equations  of  Motion  for  the  Moments  in  the  General  Case. 

'     i 
t 

I 

Let   us    consider    the    fundamental   equation   in  the    form  9«8 
\ie    expect    that    the    fluctuation    { i^£)  I         in    the   enerj^y   loss 
v^Jll    be    a    small    fraction    oX    t.be    mean   kinetic    energy  /T  ,    over 
mont    v)f    tligjr    rMn^/9    K ^>v    p-u- 1 i«:l (3^3    with    a   ^Ivi^n    initial    fMier^^y 
i^  .         I'Mrrofore^     lii<^    (u>lli.loi\    ii])'^o  t.  iMirn    ^li^^fjX)       will,     f)!* 
nearly    all    ])arLVclt?M,    he    praclically     Llie    spec  Lrnjm    evaliiaLed 
at    the    mean    energy    )t^^j  £c^,  k)    i    where    £,    as    indicai*ed|    is    a 
function    of    the    path    length  X.       It    is    therefore    suggested 
that    we    seek    an    approximate    soliAtion     to    9»6    by    substituting 
7i(^j  £M,^?        for    VC^i^^x)    •       The    equation    then    reduces    to    one 
of    the    form    10*  2|    and    its    solution    can    be    carried    out    form- 
ally   by    a    Laplace    transformation    just    as    in    Chapter    II.       Vi/e 

define     the    moments    of     the    collision    spectrum    as    in    12,1: 


y,  {(a)  =  liU)  f  >'^C<^.W^' 


1LL£,k)^  Js'^}tu:s,ji)ds' 


(h>i) 


2C.1 


In   analogy  wit.h    12.16,    vvs   would   have    for  t: 


20, Z 


This    is   an   integral   equation   to   be    solved   for  c(-X),      In 
analogy   wit)i    1:.'.17,    we    wovild    i.li'^n    compute    the    hl;_,her   moment.--; 


4 
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(aO     -  j}tj(i'u),K)dK 


■  20.3 


e  t  c? . 


1 


The  formula  20.3  for  (At)   is  quoted  by  Bethe  and  Livingston 
(10,p.262),  and  v»/as  tiiven  essentially  by  3ohr  in  1915  (I), 
It.  might  be  expected  to  be  valid  so  long  as  ((Af)  J  ^     remains 
sufficiently  small  so  that  c^i^j  £/  x)    differs  negligibly  from 
fC^/^/^J    \vhenever  I^^EJ  <  o^( (a£^V  ^i  where  ^  is  chosen  so 
that  only  a  small  percentage  of  particles  suffer  an  energy 
loss  £   lying  outside  this  limit,  say  c/sjfor  less  than  1%    J 


outside.   V#e  may  formulate  this  condition  schematically  as:  *• 

'i 


\7lll''(^)'"«l 


20*4 


Unfortunately,  20»4  is  not  sufficient  to  guarantee  the  valid- 
ity of  20.3,  no  matter  what  value  of  €i  is  chosen,  as  v^  e  shall 
see.   Only  the  condition:  '  . " 


liill^ 


/ 


20.5 


C'in    .guarantee    the    validity    of    20.3,    so    that    the    formulas    20.3 


Bve    little    Detter    than    the    formulas    of    Chapter   II,    where    Ih 


e 


miimm 


;  i  ..■' 


variation  of  ^  with  f   was  neglected  entirely* 


Let  us  multiply  the  fundamental  ecjuation  9#8  by  a  func- 


S    ,-.-  -.1 


tion  y(^yJ()$    and  integrate  over  €   from  /7  to  ^  : 


/ 


>♦  £ 


j/(m£  Fd^uE  -  ju^it'y(e,>)pu',K)m-i',i:4 


c 
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-ji(/U,')^lP(f.,)I(s,,)] 


20.6 


We  integrate  the  last  term  by  parts,  and  recognize  that  r(i^K) 
vanishes  at  the  limits*   In  the  first  integral  i  we  make  ohe 


subst  i  tution: 


£-E' 


is  replaced  by 


f     u 


s  replaced  by 


is  replaced  '^''j 


£ 

ad      00 


r 


20.  7 


c       § 


The  first  and  second  integrals  can  then  be  combined*  iVe  define: 


^(x)  -  J/a,x)Pa,x)i£ 


20.  3 


t» 


■•»      We   are    in  te(_,ratlng   over    the    entire   d  i  .stri  ou  Lion  ,    hence    down 
to    0~     if  FCt,j()     li^'s    a    slnt^ul.irl  ty    nt  ^"^^O. 


:.*:  -  r.^'-''  ■,■•  ^ 


With  these  changes  in  notation,  20.6  becomes: 

V 

\j7  ^  j^^S^''{p(i,xn(ex»)ya*£i.)-^(t.4] 


''  *^- 


20.9 


Tak 


de 


,    20 • 9    becomes: 


j^   =  J}i,(£,K)Fc£,K)j£ 


The    int.  ur\.>re  LmL  i  i>r'i    o^^    tJiin    e.^unti  on    is    ob 


20.10 


vioMs.     *5t 


Ak 


\  B 


Hifriply     \.\\e    first    mometiL    of    the    collision    spectrum   cjvera^ed 
over    the   distribution.      V/e   no^v   take: 


*-^...  +  ^»' 


4^    -   h(A£) 


J.-/ 


2C.11 


V 

v-;ith    20.11,    20.9    becomes: 


JT^"  =  f{yi}!AOCA£/'''^^^.i^(ll)}li^(e,x)(Ai)^^^^ 
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/' 


-  H  U£) 


WC// 


dx 


PC.  12 


If    Lhe    collision    spcclntm  woro    i  nd';»])endent,    of    £,    20,10   and 
20,  !:■    won  Id    r-t'(liiCH    to  : 
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m 

'i 
S 


i£ 


-  i*/ 


;    i 


iiCAlT 


2 


:0.13 


=  K-^U-^)Kx^^^---(VK^'i^-^'''-^l^^^^ 


The    solution    of    ?0.13    is    jiven    by    20.?    and    20.3. 


Let    U3   n(?''i   ]^roceod    a    Jiillv^    furtliHr    with    Ihe    ideas    of 
llui    fir'ot    j^  \l^'1^;.rapl1 ,    by    BM^umin;^    thai    tht-    inoniontH    v>  f    t-hd 
co}liMlv)n    .s"^>olrMun    (Vin    bf    ex.v'^nded    in    «u    power    s^»r*lH.s    abont 


A  ^^.^>   ^  j-kil^  ^^^^^ 


=  ?.-''';-r^'j-^'7-/"-f'07*- 


?0.  14 


where    ^he   derivative   is    to    oe   evaluated   at  £.- €  ,      Substitut- 

inp-   2C.14   in   SO. 10  and    EC.12:' 


30.15 


'-^.^(^c^m-b^^§^^¥^] 


20.16 


/-  . . , 


go.  17 


ICl 


J^, 


+[i(uej''''^iiirc7ir)gi  ^-^*ui)i^^^^x^„, 


•  I  I 


-  20.13 


rri 


ihe  tern^s  have  been  arran 


:ed 


in  brackets  accordiPK  to  the  order 


of  H e  r  1  V a  L 1  ^^ e s  o f  1 1  le  m (^ m e ti  t s  involve d  • 


Tht^    nnbrackel.od  t.^'rn-;  h,  C^.IS 


'0.1  ^^    .\rt'     IliH    t.''rr:B    Vvhlch 


at>noar  ^il  so  In  20*17^:  L'ney  ar*e  li^de  i>onde  n  t  of  Ihc  rate  of 
variation  of  }t L^J  ''vithif?;  (they  are  of  course  evaluated 
always    at    £-  E    ).       The    series    of    terms    in    the    derivatives    o 


^ 
1 


^*«  >    ?ji-2  I     ^Ji-J  >    •- •  •  I  l^a  ^    vvl'icli    apoear    in    orackets    in    E0.13 

can   be    identified    as    re;>resenting    the    average    of    the.  unoracketed 


ter'fs    ovdx^    t.he    distrioution    r(i/K)  .       m    addition,    there   are 
teriiis    in   the   derivatives    of   ^^^^^     and   ^/  .       The    latter   are    parti- 

i 

cularly  interest>ln-  inasmuch  as  tliey. would  be  present  even  if 
the  tern  jl  alone  were'  present  in  the  spectrum.   Consider  the 

ilk 

e^^uation    2C.16,    keepirici    only    the    term    in    ^T" '•  \ 


=  i  U£) 


£0.19 


If    we    keeo    only    the-    term    in  fi.   in. 20, 15,    20.19   can    oe    written: 


-^    OIF    ^ 


t 


20. eo    • 


it 


'I 


/   :.•.:;■: 


-,**  ■*■:■-  ■  V.  ■ 
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Integral  in'^  ?0.20: 


80.21 


Tbus  even  when  we  neglect  the  terms  which  produce  random 
variations  in  the  amount  of  energy  lost,  there  -,iii  oe  a 
fr?iction;.l  change  in  tf^  e:iual  to  the  fractional  chancy  in  }i i  ^ 
and  independent  of  the  magnitude  of  6\^.       The  fractir)nal. 


error    in  tfU  due  to  neglecting  the  term  in 


therefore 


dep'':?nds  only  on  the  total  change  in  ^^ ;  this  confimis  the 
statemon',  made  earlier  in  this  section,  that  ?0,4  is  not 
suffioier^t,  to  guarantee  t^ie  validity  of    20. Z.       Similar  re- 
marks  obviously  apnly  to  Llie  iii^her  moments. 


The  reason  for  the  resalt  .?0.  21  is  not  hard  to  see.   If 
a  parlicle  loses  energy  at  different  rates  de^jendin^^  on  the 
energy  £  which  it  has  .\?^lready  lost,  then  this  effect  ^^lone 
produces  -3  *^3  Iretchhi^*^  or  a  '^bunching''  of  the  distribution, 


depending  on  whether 


is  positive  or  negative.   In  the 


equations  2C.13,  vvhose  solution  is  given  oy  2C*2  and  SO,  3, 
this  effect  is  completely  neglected j  even  if  we  agree 'to  eval- 
uate the  moments  (t  | ,  ^ ^j ,  etc.,  at  the  mean  value  t  tx)^      if  we 
think  of  a  moment  HThCC*/  ,  for  a  given  point  X,  as  plotted 
against  €,    then  the  solutions  2.0.3  correspond  to  replacing 


t/iis  carve  by  the  horizontal  strai^^^ht  line  iV„ ^£(Jf// x)  ,  v/hich 
is  indeoeneent  of  d.  *^e   have  seen  that  this  requires  the  ;  . 


\ 


condition  20.5.   If  vve  keeij  also  the  first  derivatives  of  ';  ^ 
the  moments  in  E0.15  -  20,18,  (terms  in  round  orackets),  we;: 

are  effecujvely  replacin^^  the  curve  X^  (^/^)   vs  ^  at  each  point 


4-- 


/ 


,.'' 


r     • 


•i*f 


£^SS3mg-3 ??**'****■"  ""<*«■*»"■ 


■j-g»''W?T»j'.'«,trrMwwi»pig»i'^^ftj»a»t«>wiw*-  *  ■•  .»*-.-iv 
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X  by  a  straight  line  tangent  to  this  curve  at  ^(X)#   The 
•'stretching  ior   bunching)  effect"  is  then  taken  into  account 
to  a  first  approximation,  and  we  may  expect  the  solution, to  be 
correct  so  lon^^  as  practically  all  the  particles  stay  within 
a  re^.ion  of  the  £.  scale  in  which  a  linear  approximation  to 

i 

T^t^Ci^X^     vs  L    is  valid;  i.e*  the  condition  20.4  should  now  be 
sufficient.   'ITiis  solution  will  be^in  to  fail  only  when  the  ' 
terms  in  square  brackets  in  20.15  -  -^O.IS  Deco?7ie  imuortant* 


■!/  -. 


»  ■ 

-i  ,1 


1 .       Inte-.^ration    of    the    ri:nuatioas    of   Motion^ 


Equa lions    2C,15   -    'JO.  16  must    oe    solved   as   an   infinite   set 
of    simultaneous   differential   equations,    if    v/e   keep    all   the 

bracketed    terms.      However,    if   we    ne^^lect    all    terms    involving 

} 

higher  than  first  deriva,tives  of  the  moments  of  the  collision 
spectrum,  the  equations  can  oe  solved  one  by  one.   According 
to  the  last  paragraph  of  Section  20,  this  should  ::iive  a  good 
approximation  to  t>ie  moments  so  lonr^  as  "y^  is  small*   ?/e 
therjefore  drop  all  terms  in  sc^uare  brackets  in  20.15  -  20.18. 


20,15  now  becomes: 


jr. 


^  =  «/i^u;,*; 


21.1 


.-i      »•-- 


In  the  general  case,  21.1  is  equivalent  to  20.2,  when  we  add 


the  Doundary  condition: 


Eu)  -0 


z\.z 


In  case  A?/  does  not  depend  on  x  explicitly,  the  solution  of 
21*1,  21.2  can  be  written:  \^i 


21.3 
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In  any  case,  the  function  c  (x)    is  now  determined,  and  the 


mom 


ents   Jcif    and    their   derivatives    in    the    equations    of    motion 


for    the    moments    (dit)       become    functions   of  X  only* 


'^H 


\ie   have   now  to   solve   equation   20.16    in    the   form: 


;y. 


die  i£ 


21.4 


The  solution  of  this  inhomogeneous  linear  equation  can  be 


obtained  by  the  upual  methods: 


(Af) 


SI.  5 


.'here    ^-—    and     J^;*    are    to   be    evaluated    at    \Cl*')^x') 


u 


and 


(CCx")   Jf")     '    respectively.       If    ff,   does  not  depend    explicitly 

'on    X,    vVe    have,    by    21.1;     '  I 


r 


21.6 


21.5   now    becomes: 


(d£;*  -  ?f.j^,Jff 


K 


■  '■">  ^  - 


21.7 


SI. 7  is  an  obvious  generalization  of  the  corresponding  equa- 


ion    20.3. 


Ui)' 


it.  I. 


is   now   determined   as   a  function  of   Ai    and    20.17 


becomes  : 


21.8 


rhe  solution  is: 


./  '^^' 


(dcy  -  e 


21.9 


ffr.f 
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where    y^ 
becomes : 


J  P** 


is   evaluated   at    (^iM'),  K')    ,    and    (*>  +  J(^f)*  j^^,    at 

If   }t\    does    not  depend   exx-flicitly   on   Xi    this   - 


r/if/ 


UP 


iJ^x 


dx 


^Hz 


81.10 


The  integrand  in  the  last  integral  is  evaluated  at  £,   3>olu- 
tions  of  the  equations  for  t.he  hi>^h':;r  moments  are  similar  in 
principle,  but  more  complicated.   We  shall  not  carry  the  pro- 
cedure anv  farther. 


Hereafter,  all  moments  of  the  collision  spectrum  will  oe 


written  as  functions  of  the  kinetic  energy  ^j-  or  the  total 
energy  ^   instead  of  the  energy  loss  £,    and  we  will  assume  the 
collision  spectrum  does  not  dej^end  on  x  explicitly,   «ie  ma^e 
the  rerjlacements : 


£   -iT- 


^'. 


IT  '    i£-  ~ 


j)i, 


21.11 


The  moments  of  the  collision  spectrum  3.1  are  given  by 
14.17.   We  vi'rite  the  fiVst  three  most  conveniently  in  the  form: 


A   =  ^/^  ^V  .  ^  f-  'w;  y '- 1^  0^  A  H  Yw)] 


/ 


t 


21.12 


^ 
(y. 


ifH-i 


/ 


i.l, 


}06 


•Ve  define  t.he   functions; 


W 


//^^/=^/ 


^^k 


n^k) 


s-of-hL 


/f%'J 


h  f^J  =  tj 


W 


fu^'>^-'J'^ 


J^L    = 


V 


i,  f"*^  = 


^3 


J 


w 


fA.) 


<l 


vv 


fu^^.) 


'Jk  1}  -^^ 


U/ 


\/>/ 


t  (^«^ '  h.  ^^O  -  i,  uv 


£1.13 


21.14 


21.15 


81.16 


<j  J-  •  X  I 


21.10 


I 


\  > 


These  are  all  v^,V]j   rapidly  increasing  functions  of  if  *  •   (oea 
Figs*  6-9.) 


In  ter»ns  of  the  function 


f,  H  >. 


we    can    write    :^1#3    in 


tVie    form: 


iii^O  -//^^-j-rx 


21.19 


21.19  determiiies   the   mean  energy/^    in  terms  of    the   initial 
kinetic   energy  ^*  and    the  distance    x  traversed  by    the    oarticle* 
The    r:ean    ran^^e    (in   collision  units)    of   ^.ar tides   with   initial 


o 


^^^^'EY  ^    is  3    by   2l»19,    settin(i   £l^^0: 


R   =  tU^h) 


21.20 


I 


UtHMUHMHIMMMjaM 
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Usin^  21.14,  equation  21,7  becomes: 


cl^=  J',V4;7^A•^<f^i7 


81.21 


or : 


C  -  'f,(.^^)f'''lh(il')-h(^0l'' 


21.22 


So  long  as  £   is  small  enough  so  that  ?^/i^/—  f^i^^k)   ,  21.21 
will  agree  v^/ith  the  formula  14. 23  of  Chapter  III.   vVhen  £   is 
moderately  lar£;e,  so  that  Ti(^)  ^^  nC^)  ^    21.22  behaves 


like  20»2l,  and  further  changes  in  tf^  are  due  entirely  to 
the  "stretching"  (or  bunching)  effect  of  variations  in  }if 


wi  th  ^M. 


Using  21.15,  21.16,  and  21.21,  equation  21.10  becomes: 


81.23 


Integrating    the    second    term    in    the    integrand    by   parts,    and 
using    21.14    and    21.17: 

Using    21.24    and    2l«16,    21.23  becomes: 


j 

! 

The  unweighted  skewness  is,  by  21.22  and  21.25: 


21.25 


I 


21.26 


The  second  term  is  ordinarily  a  small  correction.   It  turns 
out  to  be  negligible  when  zk  <d,f»       It  may  amount  to  85/0  of 


the  first  term  for  small  thicknesses  x   when  Ji^/ff,     2l#86 


w 


ill  agree  with  14.24  for  small  values  of  £.      For  moderate- 


ly large  f,  21*26  reduces  to: 
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I 
I  I 


(^ 


i  *''♦ 


•; 


21.27 


Thus,  provided  our  approximations  are  valid  to  this  point, 
the  curve  approaches  a  limiting  shape  which  is  not  Gaussian, 
but  has  a  definite  skewness  dex>ending  on  the  initial  energy. 
We  will  see  later  that  this  limiting  value  is  about  0.3  to  0.5 
for  mesons  (X^l)    of  1  to  1000  Mev.   When  21.27  is  valid, 
random  variations  in  energy  loss  are  no  longer  effective  in 
changing  the  shape  of  the  curve,  'iie    see  that  the  "stretching 
effect"  alone  will  not  change  the  shape  of  the  curve,  sinc"^ 
Jl^  in  21.27  is  constant.   This  is  to  be  expected,  since  we 
have  kept  only  linear  terms  in  /i£   in  the  expansion  of  ^i  C^^t 
which  corresponds  t«)  a  uniform  stretching  or  compressing 
along  the  £   scale.   This  does  not  mean  that  the  "stretching 
effect'*  aJes  not  influence  the  shape  of  the  curve,   vi/hen 
/\/<r^^,  the  fluctuations  due  to  the  random  nature  of  the 


1   I 


nergy  losses 


can  oe  neglected.   Vihen  the  collision 


spectrum  is  constant,  ^    increases  slowly  enough  so  that 
these  random  fluctuations  have  time  to  establish  a  Gaussian 
distribution  before  they ' become  ineffective.   But  the  decrease  , 
of  ^^  with  decreasing  ^,  and  the  increase  of  d^  djae  to  . 
"stretching"  ,( -rp' <^  )  ,  ooth  result  in  the  condition  ^^^^^ 
before  the  Gaussian  distribution  has  become  established. 

da, 


.■■-:ifif' 


Conversely,  a  "bunching  effect"  ( j^  >^ )  would  tend  to  cancei 


\ 


/!*i;-r'-  '   -1  ■■-■      r-/-,  4  .v-?-T- "»■'.- - 
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the   effect   of   the  decrease   of  ^j^  with  £i    and  promote   the  growth 


ri. 


of  a  Gaussian  distribution.  Actually,  (see  Pig#  5a), 


ill 


is 


negative  (stretching)  for  Jf   <//  ,  and  is  very  slightly  posi- 


tive for  Jc    y /, 


The  quantity   Am^    CEq.  21.12)  is' 


a  function  of  the 
energy  ^t^^  the  ratio  /^'T  which  depends  on  the  material 
traversed,  and  the  ratio  V^      Jl* 


For  mesons  or  heavier 


particles  (/-^  /  )  ,  the  term  --j /dm  (H-^.Sl  tv^J   is  only  a  small 


correction  for 


^^10^ 


-  "      -  ;_  -   !■  --■■■■-•>  "3.  ,, 

we  will  omit  it  in  calculations  in 


the  present  section,  and  derive  appropriate  correction  terms 
in  Section  22.  "the  average  ionization  potential-^  is  ^iven 
approximately  by  (4, p. 245);  see  Section  5:)  ' 


I 


=  fJ.J-  2  ev 


5.7 


'.Ye   adopt  a   standard  value  J^-  330  ev,   which  corresponds  rough- 
ly  to   iron,    and   define    the    ratio: 


1 


=     :^ 


(saaa)   4-J^(H^Kt)-/3^ 


J^^   -^Je^i^'O-p 


21.28 


^  S30€v  / 

The  ratio  d^   for  various  values  of  i^,  and  the  function  yzM^ 

for  j?^-330  ev,  are  plotted  vs  '^^  *==  ^  in  Figure  5*  6    is 
a  slowly  varying  function  of  M«   We  can  write  Vi    for  any  J^  in 
terms  of  it/  for  ^-  330  ev: 


n. 


I 


(r^> 


<f    ^'isio) 


21.29 


■Am  t. 


■'--* 
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If  we  neglect  the  factor  ( / '''  0*0 iY\^   ),  the  quantities 


and 


^y".; 


^ 


; 


*i 


i  -  ♦ 


J  are  functions  of  u/  alone* 


■■-J  v:- 


'?'"■  ir'- 


♦'  ^i^ 


n   J 


Several  methods  of  integration  were  tried  in  evaluating 
the  integrals  21.13  -  2l«17,  includiriiS  "the  one  used  by  Rossi 
and  3-reisen  (4)  in  th.eir  computation  of  the  integral  21#13; 
which  consisted  in  performing  the  integration  with  ^^'^^  C^^O 

regarded  as  constant,  and  using  the  resulting  formula  to  build 


UD  the  integral  in  ste^^s  small  enough  so  th 


lat^  yUm  C^^-i)    is 


practically  constant  over  the  range  of  u/ included  in  each  step 
The  most  satisfactory  method,  both  for  convenience  in  using 
a  desk  .  computing  machine,  and  as  a  uniform  procedure  for  all 
the  integrations,  was  not  found  until  after  many  of  the  calcu- 
lations had  o^en   performed  in  other  ways,  a  common  misfortune^ 
This  method  '.'vas  to  make  a  change  of  variable: 


/  =  /^^ 


ciw  ^  IVi 


^e 


21.30 


k  ""^^  '^  *^y  ^  '^'  ^^^  '^k'^Y 


I  J- 


and  integrate  over  the  variable  v,  using  Simpson's  rule  with 
intervals  of  0.1:      ' 


'  "3  0  y.f^2 


81.31 


The  error 


Ihe  rule  21.31  was  tested  oy  computing  Ic"^ Ay  » 

is  less  than  ii/o  for  i^l  ±  1 0 ^   and  less  than  2.3^  for  i^/^/^. 

Hence  for  an  integrand  proportional  to  U/f^J\A/,ru^   '     V/* 

the  error  v'i]l  be  less  than  ^  if  -5.3  <  H±   3*3.   This 
condition  is  satisfied  oy  the  integrands  in  21.13,  2l#14,  P1.16.V, 
For  an  error  less  than  2#3;C,  the  condition  is  -7*5i^l.  5.5# 


MHMMMaiiMaBBHHttlkiiiaBBAItiU 


I  -   .-i;T-    .^^  T^'^^'j-vr^^^f  •^~;t^"!5>y«?''»-- 
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This   condition   is   satisfied  by   the    ini/egrands   in   21.15   and 


^ 


2 


1*17*   The  funotions 


^'  ojd)  /^^ ,   *^vf  ^^' .  ^'^c^/<^)  ^ 


are 


tabula. ted  vs  Wr,   at  0,1  intervals  of  y   in  Taols  ?•   The  func- 
tions fft     r^,  tjt^^t    computed  by  numerical  integration  using 
21.31,  are  tabulated  vs  U/i^  at  0, 2  intervals  of  y  in  Table  8, 
and  plotted  in  Figures  6, 7, 3, 9.  ft     was  computed  for  -^  =  ICO 
ev,  330  ev,  and  1000  ev;  fg^  %     tji    and  d     were  compuLed  for 
^^  TiTyO   ev.   The  integrals  were  computed  from  the  lower  limit 
WV^O.Gl,  and  ti.e  values  of   t,he  functions  at  tvv  -aO.Ol  choself 
to  preserve  the  linearity  of  the  -curves  when  plotted  logarith- 
mically  as  in  Kijures  6-9.   For  U^^^  /»  these  integrals  can 

« 

be  expressed  in  terms  of  the  exponential  integral  (iiq#  16.3), 
which  in  turn  can  oe  expanded  in  ah  asy^.v^.'^ic  series  (£:i.l6«6); 
This  method  v/as  used  as  a  check  on   the  resulLs  for  small 
value?  of  u^. 


> 


Since  the 


integrands 


in  21.13  --,21.17  are  increasing 


functions  of  w^    the  ma jor . contriouti on  to  the  integral  comes 
from  values  of  W  near  t'he  upper  limit.   Since  the  factor  (f 
(Eq.  Pl.28)  is  a  slov-ly  varyin^  functi  on  of  v^,  it  can  oe  taKen 
outside  the  integral  a^-d  evaluated  at  or  near  the  upper  limit 
W.   //e  th e  r  e  f  0  r e  ha v^  : 


h  = 


~  ^  ^  (ii6) 


-  Af 


h  -  rh 


(33  d) 


^^'   ^  fs  OiV 


21.32 


11? 


^ 


For  ^,  A  ,  (f  ^  the  d  in  these  formulas  snould  be  evaluated 
at  about  Q>0%  of  the  upper  limit  of  the  integral.  For  i^  ,  ^ 
Fhould  be  evaluated  at  about  one  half  the  uoner  limit. 

k  ilk  X 

The  computation  of  /y  was  checked  against  the  ran£;;,e- 


en 


ergy  relation  for    protons  up  to  15  Mev  Ck/^=iO*016)  given  ■ 
by  3ethe  and  Livingston  (10, p.  369),  and  against  the.  range-- 
momentum  relation  for  mesons  abovtf  U/=0*5  given  by  Rossi 
and  vjrelsen  (4, p.  249)  •   The  complete  ran^e-energy  relation 
for  mesons  of  about  *«^:s  0.01  to  2,5  is  given  in  an  article 
by  Viheeler  ana  Laden ourg  (33). 


"v 


By   means   of    i.he    curves   given    in    Figures    5-9,    and    the 
formulas    ::^1,19,    ^1.22,     '^1.26,    and    21,32,    f,    ^,    and   A^^    can 
be    determined    for    ixny    type    of    matpri.Ml    arid    any    injtial    ener^^^y 


ff    xnd     t,hi(ikness    X    such    tiial    VvO*  and   \^   are    between    P.d    and        J 
10,    subject    to    small    corrections    ^^7co^   ^^■^^    '^^^   upper    limit 
on    X    to    be    determined    in    the    next    section. 


22.    Corrections    and    Limits    of   Validity 


V7e    ^vill    compute    the    first   order    corrections  due    to  . 
n^egleot   cf   the    factor    \\  '^   OtOliCw)    in    the   preceding   section^ 
For   Tiesons,    these   corrections  are  negligible   for  ^l^I    (^^2),. 
and    we    are   only    interested   in   values    of    ^l^^^^      For   pro'tons 
(  JT-^  ^./ )  ,    the   corrections   can    oe   neglected    entirely   for 
W<^</^.       2y    21.12,    we    have 


^/^/-^t'V'-'-'^-^y/'-r^ 


iii;.  1 


-^  ^(w^)  T^^ 


/. 


■•.3 
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The  denominator  in  the  correction  factor  varies  from  8.4 
to  11.8  as  Vw4  varies  from  1  to  10,  for  ^=  330  ev,   Varia- 


.^'^ 


lions  in  j^  from  IOC  ev  (air)  to  1000  ev  (lead)  will  intro- 
duce  an  addit/ijnal  change  in  the  denominator  of  tl .  We  may 
take  10  as  a  sufficiently  close  value,  and  write  22.1  as: 


i  ^M^  't'^'-^-'^yll'-  ^"J 


i/i.  / 


22.2 


The  correction  here  is  entirely  negli^^;!  ole  ,  amounting  to 


o 


nly  £;«  at  U/-/^.   The  correction  to  -f,    is  therefore  negli- 


:  lb  1  e . 


Usin;_^  .the    symbol    ^' 


o   indicate    the   deoendence    of   a 


uantity   on   ternis    OClfv^)^   v^e   have,    oy    git  1.2; 


^x 


^^.;" 


/ 


/■t-a,t(f^ 


(,-  in) 


28.3 


!■;; 


;.; 


V'5 


m 


'"-% 

^ 

4 


% 


Ik 


O-i-  t.tirw)^ 


(i-Jbc) 


using    22.2,    22.3,    22.4,    21.14    -    cl.l8,    we    find: 


f. 


h 


^         20001 

0-   JC^f 


"K^ 


(l-  6.00  7  rv^) 


((-  DJ/sr^^) 


22.4 


22.6 


The    (Corrections    on    the    rivht   have    been    red'aced    aboi^t    Z0%    to 
compensate    for    the    fact    that    the    major    oontrioution    to    the 
inte>j;r.?ls    ^    -ind    Tj     comes    from   values'  of  W  averaging  about 
QOfo   of    the  upper    limit.  ..  ■   ■ 


/ 


^' 


i^ 


\^ 


<c  .%    .«< 
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From  22.5  and  2S.6,  we  can  estimate  the  correction  to 
be  applied  to  ^^  when  computed  from  the  uncorrected  r^  and  -fy 
(Corrections  in  Cj     need  not  be  considered,  since  the  term  ' 
in  g     is  itstilf  a  small  correction.)     ^  -^ 


<   ,    -fi      .     V 


x^ 


h 


h''^ 


(l-  o,6oryv^) 


22.7 


This   correction  is  practically  negligible,    amounting   to   only 


5?u  at    W,  -fO »      The   correction   t 


0 


is    also   practically  negli- 


gible,   amoMntin^    to   aoou.t   Afo   at    Wi^fO: 


i  . 


1  - 


^U 


i^ih 


^^  ^  {I-  o.od^rv^) 


22.8 


vve  nov;  consider  t;ie  errors  introduced  by  the  neglect  of 
t>^e  terns  in  s^iiare  brackets  in  20.15  -  20. 17*   The  variation 
in  /f^  vith  ^.  is  only  important  for  small  values  of  ^*,  and 
we  can  estimate  the  order  of  magnitude  of  the  error  by  taking 
l^f   to  be  proportional  to  ^  : 


/ 


^uv 


-/ 


B2.9 


--  (^f 


22.10 


S'i.lO   ^ives    +he    (first    ord-^r)   percentage    correction    to   the 

richt'side  of  equation  21. 1.  If  "^e  take  as  the  limit  of 
validity  of  eqi^.ation  21*1  the  j^oint  where  the  corr^BClion 
becomes    IC.^b   of    the   main   term,    rben  ve    should    regard   21.1    as 

-  V 

Valid  until  tfj^    becomes   '5Cfl  o^  /Fj^* 

Proceeding    siniilnrly,     .ve    f  i  id    for   the    first    order    percent- 


at;e    corrections    to    the    ri^ht    tide    of    21.4,    osin^    21.1 


'it. 


-^  ^   ^(Tif) 


22.11 


J^ 


115 


^ 


^^K. 


r  =  A-  fk  -u  X  <r. 


M.  ~r  -= 


22*12 


If  we  require  that  the  correction  be  no  more  than  lOf/J,  then* 
81.4  is  valid  untll-tf^  is  20j^  of  ^^      Here  we  have  compared   ' 

* 

the  terms  in  square  brackets  with  the  term  in  round  brackets, 
on  the  assum^^^tion  that  the  latter  is  the  important  term.   This 
is  readily  verified  by    comparing  the  first  tvvo  terms  in  2l«4: 


"T  i^  ^:  "^  (tf  -  ^-''i 


^ 


- — /^) 


/6C0 


ffj 


(^^0 


22.13 


rn 


rhus    the    second    term    in    21.4    becomes    equal    to    the    first    when 


^    —       ty,    and    for    ^^r^ater    thicknesses    the    second    term    is 
dominant..     Vie    see    that    -vitii    the    same    criterion   as   was    used 


aoove,    e.-'.ation    20,3    can   be    regarded    as   valid    only   uniil   d^ 
becomes    lyt   of  ^Z ,     vhen    w.<</»      VVhen    yt/.-s/fi^    20.3    is    valid 


until  tf^     is    about    3^   of  ^ 


Taking   3  (t^O 


.Jl 


V 

as    the    im'iortant.    term   in   2G.17,    and 


J* 


assuminr;  (/i£^^   -  3  (AE)     ,  which  holds  for  a  Gaussian  di  stri  out  ion , 


we    find: 


Us? 


d£ 


~   =   3. 


-0^0  (^) 


P.Z.  34 


2.15 


2. 


(A£J 


cwv « /; 


22.16 


tamm 


■7 


■f 
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Only  22fl4  gives  -x    restriction  on  *7^i^  •   For  a  10;^  correction, 


we  must  reciire  ^   <  0%OS'^*       If  '"'e  allow  ^  to  be  Z0%   of  i?T  , 

the  correction  tern  is  about  40;J.   Actually  iL  can  be  shov;n  by 

writing  an  equation  for    fix    ^'^^'^^^  the  corrections  2.?..\\    and 
c2,13  2)Hrtially  cancel  each  other,  so  triat  the  correction  to 
the  /l^  equatior-i  is  only  about  on^    for^rth  of  22.14», 

* 

V;e    viill    consider   £,   tf^  ,  /l*^  >    as    computed    oy    the    method 
-driven,  in   Section    21,    as    correct    for: 


22 .  r? 


or : 


1^ 

2  0 


1l 


(h  (^k)) 


'L 


^1 


U/i 


22*18 


wh 


ere    f^  (^J    ^"^'^^    oeen   ne/^lected    in   comp'^rison   with    j\\^/» 


Unin;:  Fl^uren  r^  ^nd  7,  we  Pi -id  tliat  the  results  of  Section  ?.l 
Can  be  trusted  until  tl^e  enerry  luss  and  tlie  path  length  have 
reached    tVi^    limiting    values    sho'.'^'n    in    tVie    following    table     (Y-l  ). 


*  *.,. 


Limit  of  Validity  of  Formulas  for  'Cner^y  Loss  D|strioution 


Parameters 


/ 


"V. 


/^ 


10 


^A 


&5f. 


t 


80?i 


/O 


?{   of    ranp;e 
traversed 


"i 

87;^ 


0.1 


0.033 


72?^ 


57?{ 


I 


88% 


For  any   %<.  between  10  and  0^01 ,  '^ve  can  regard  the  formulas 
of  Section  21  as  valid  for  thickness  of;^  material  traversed  up 


i-» 
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to  85So  of  the  Vcxn^e  of  the  particles.  It  may  oe  of  interest 
tha.t  at  this  limiting  tliickness ,  TjC^^j  is  in  all  cases,  less 
than    2^    of    f^^CS'fl  . 


The  energy  loss  distribution  curves  determined  oy  the 
methods  ^reseated  will  begin  to  fail  first  in  their  tails, 
vvhere    non-linear    "stretching*^   due    to    the    positive    value    of 

equations    81.1  |    2l»4,    21.8,    we    can    conclude    that    the    distri- 
bution   curves    thereb2^   predicted    vvill    always   agree    with   the 

r 

correct  distrioution  in  the  neighborhood  of  ihe   predicted 


becomes  imoortant^   From  the  method  of  derivation  of 


m 


ean  £,  out  the  region  of  agreement  vvill  oecome  -3  smaller 


and  smaller  fraction  of  the  total  spread  in  the  distrioution 


wv 


as  the  limits  of  validity  are  furtlier  exceeded.   Since,  at 
thicknesses  X  ^^^  v/hich  the  formulas  of  Section  81  oreak  dov^n, 
only  the  terms  in  }li    and  ibs  derivatives  are  important  in 


e?^uations  SO*  15 


-  30.18,  've  could  use  the  solution  9.15  of 


equation  9.11  to  extend  the  distribution  curves  to  larger 
values  of  X  .   This  'dves  essentiallv  a  comolete  solution  of 
the  problem  of  determining  r(£/x)    for  mesons  or   heavier  parti- 
cles 3l    oractically  all  values  of  X.   Hov/ever,.  it  is  unllkelv 
that  the  curve  f(C^x)     is  of  much  interest  for  thicknesses  of 
material  greater  than  about  35>b  of    the  ran^e.   For  ^^reater 
thl  cknesse-s ,  the  distrioution  in  ran-e  is  of  more  interest; 
this  proolem  is  bo  oe  treated  in  the  next  chapter. 


In  conclusion,  .ve  may  statue  more  precisely  the  limits  of 
validity  fur  the  formulas  derived  in  Chapter  III.   As  a 


/ 


/ 
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rpeasure    of    the    error    in   neglecting    the    variation   of    K (^ I  with 
c,    we    .take    the    ratio    of    the    first    tvvo    terms    in   21,4-,    which    is, 


by    22.13: 


=   2 


'^1  ^k  fs.  \ 


( 


y^  ^^/ 


22.13 


Multiplying    nu^ierator    and    denominatar    by    X,    we    arrive    at    the 


aporoxima.  te    formula  : 


m 

-    2 


22.19 


Requiring  as  usual  that  this  r&tio  be  10?.{  or  less,  we  find  » 
that  £.    must  be  not  more  than  55b  of  iFJ^.   Since  £fx(^V~  ^f^2/ 

can  hardly  oe  determined  from  Fiiiure  7  to  within  better  than 


?C;:  for  such  small  values  of 


Vr-, 


it  19^    urobably  satisfactory 


to  use  ^i  ure  3  to  ^et  the  weighted  oarameters  airect.lv  when 
£  is    less  than  10;i  of  ^  .   22*  19  .applies  only  at  low  energies, 


since  we  assumed 


jf^    proportional  to  if^  in  estimating;;  yz   • 


At  hi£;her  energies,  the  ratio  .^iven  oy    22.19  is  too  lar^^e, 

and  Figure  3  can  be  used  to  greater  thicknesses  X  than  allowed 

\ 

by  the  above  rule,   3y  determining  the  values  of  yli^  at  various 
values  of  X    and  ^  ,  it  has  oeen  found  that  Fii,u,re  3  can  oe 
used  whenever /l^  or  /I   is  about  1  or  greater.   This  gives  a 
less  restrictive  condition  at  hi^^her  energies;  at  lower  ener- 


) 


C^*£ 


/ 


giss,    the    condition       '^*  -^  /^    should    be   used. 


>  r 


T  ;;'- 


i       f     <_^--:     ■--■:      > 


■    ^Z.  'v^    '-r^*'*?-  ^. 
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23,       Distribution    in    Path   Length    and    xian^e » 

^"  ■  i 

Related  to  the  distribution  /{£/X)    is  the  distribution 
6(K,£)   defined  by  re -airing  thaV  QiK,i)iK    be  the  .probability 
tba.t ,  in  losing  a  total  amount  of  energy  ^,  a  particle  will  ' 
traverse  a  distance  between  X  and  iC^Jx.      Let  us  consider  a 


large  number  71    of  particles  which  start  at  x^  0    with  a  co 


mmon 


initial  energy  S  .      Vi-e  assame.that  the  energy  loss  £  for  each 
particle  i s  some  monotonl cally  increasing  function  of  the  paih 
length  /•   The  number  of  particles  which  lose  an  energy  £   or  , 

f 

Ipss   in  ijoing   the  distance  K  is:  . 


t 

71 JPU,. 


U£ 


The  number  wlAch  lose  an  energy  greater  than  £  in  goin^i  a 
distance  Jf  i '^^  the  numoer  which  lose  an  amount  £   in  ^oing  a 
distance  less  than  Xji«e.,itis; 


V 


71 J  a  ex,  e)fix 


The  sum  of  these  two  numbers  is  7i,  so  we  have: 
Differentiating  23. 1|  we  arrive  , at  the  formulas; 


23.1 


'   i 


83.2 


#1 


2  3 .  3 


'  I 


180 


23,4 


!  ! 


These  formulas  give  the  connection  between  the  tv^o  distri'ou-  ,. 

tions  2^rovided  only  that,  for  each  particle,  fcx)   is  a  single 

i  ■         *       ■  " 

valued  monotonically  increasing  function  of  X*   V/hen  this  is 

•  »-        -'■_.. 

not  the  case,  special  conventions  must  be  made  as  to  the  mean- 
ing of  the  functions  /^^^jrj  and  6KjC,^',    if  they  are  ^defined  as 
the  excess  of  the  fractional  number  of  particles  reaching  the 
given  value  of  £ (or  x)    from  a  smaller  value  over  the  number 

r 

reaching  t'he  given  value  from  a  larger  value,  then  the  formulas 
23.1  -  53.4  are  still  valid.  \     ^   \ 


The  formulas  23.2  ancJ  23.3  are  rather  cumbersome  to  apply 
in  general  for  the  calculation  of  ^(X^£)    from  iCt^x)  or  vice 
versa*   We  shall  apply  them  here  when  certain  conditions  are 
satisfied.  r(£^x)    can  be  vvritten  (e.g.  18.7)  in  the  form; 


f<f''> '  i  ^K.  i^. ...  !-"-'>  .  ^"  - 


23.5 


«  • 


Here  /4^,  ^,  ...,  are  dimensionless  parameters  which  specify 

■*■■  ■         ■^■■•■'.  -p. 

the  shape  of  the  curve.   The  parameters  o,  dj^ ,  X^^    ^,  ...^ 

IP 

are    functions   of   Af,    but   we    assume    that,    in   computing    jj*  ,    only 

the    variation   of  £   with  Jf   need   be    taken    into   account; 


23.6 


The  justification  for  this  assumption  will  be  indicated  below. 
Substituting  23.6  in  23.2,  using  JS  -^^^ 


t  J 


i 


OC'^^  =  i  J7  ^.i  "  ^'^-^ 


I     --  .  { 


•,23.7, 


.i 


y: 
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Defining  Jf  (£j  and  AX  by: 


'A   .; ' 


far)  ^E 


>    ..«;;_  ;■     .-* 


AX      =  X- X 


■■.J       -:*         ,?;- 


■•-.       -^  ■"»•.; 


23.8 


.    •       .''    v,i,". 


-J    ■  t- 


we   obtain: 


23.9 


, » 


vvhere   d*  , 


di 


,  etc*  ,  are  evaluated  at  )?•   Note  that  deriva- 


\  -y'^  -'--■  f: 


lives  of  tf^  occur  only  in  the  higher  order  terms,  so  that  for- 
small  Ax,  we  are  justified  in  neglecting/  the  variation  of  ^ 

i;  '  .-.  ■  .     - 

i 

with  X^      It  can  similarly  be  shown  that  the  terms  arising  fro.m 
the  derivatives  of  the  other  parameters  are  incomparison  with 


the  ri^ht  side  of  23*6,  of  the  order  of  the  fractional  change 

/- — ji^i 

in    these   parameters   when  X   Ci.ju/^es   Y'j    [(AxrJ      i    ^o   that  when 


the  spread  in  X  values  is  small,  the  present  approximation  is 
justified^  Net^lectlng  hiijher  order  terms  in  23*9,  and  defin- 
ing: 


ii 


Li^f'  = 


23.10 


we   tiave ,    by   23.7,    23.9: 


'^'^''^ '(^f^^^,i.,-^'^"^ 


23.11 


Reversing  the  si^n  of  the  variable  will  reverse  the  si^^ns  of 


the  odd  parameters: 


Giit.i)  = 


/ 


P. 


.  (las^"') 


23.12 


1P2 


Comparing  23.12  with  23*5,  we  see  Lhat  jf  and  ( (axP)   * 


are 


iadeed  the  mean  value  and  r.m.s*  fluctuation  of  X  for  the  dis- 

trioution  ul(Kf£)  9    ajid  the  dimensionless  parameters  specifyinb^ 

the  shape  of  the  curve  are  the  same  as  those  of  r{£^x)    except 

for  a  reversal  of  sign  of  the  odd  parameters  corresponding  to 

a  reflection  of  the  curve  in  the  mean  value.   The  parameters 

'^Ay.i     C%    •••!  fcjr  the  curv^  ol(X^£)    are  to  be  considered  as 

functions  of  £   determined  "oy   evaluating  the  corresponding 

parameters  for  /^(£/X)    at  X^x(C)   ,  with  7   ^iven  by  23.8; 

((ak)^}         is  also  a  function  of  £  detenriined  in  a  similar  way 

with  the  help  of  23. 10*   Formula  23.12  (with  23.5)  for  6^U,0 

in  terms  of  r(£,)c)    is  valid  so  lon^  as: 

,- -V^z 


/ 


with  similar  conditions  on  the  other  parameters.   Using  21.1 

and  21.4: 

The  second  term  is  negligiole  whenever  the  fundamental  assump- 
tion 20*4  of  Chapter  IV  is  valid.   The  first  is  important  for 


small  values  of  X.   Setting  ^  dr  }Lx  9    the  condition  on 


dfU 


be- 


omes : 


(''-if 


I 


I) 


23.13 


Thus  our  a]>oroximation  breaks  down  only  for  fairly  small  dis- 


tances, or  for  very   large  distances  when  the  fundamental 


"  r 


a".  -  ■*  C- J  ■  wr  -IT-^ 


/ 
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i        1.. 


assumotion  20.4  oreaks  down. 


At  sufficienLly  large  values  of  X  so  that  the  term  in 
^y(^)  ^^^'    ^^    neglected,  \^'e  have,  by  2l»l,  21.22,  21.26: 


=  (^y^  ^)^,(^jfHf^(^^')~h(^ 


.a\ 


Au  = 


'lie   use    the    results    of    the   preceding   paragraph   together   with 
these   formulas   and    21.19   to   obtain: 


2?;.  14 


i^ 


Where  ifT  =/^*-£*»   These  formulas  are  valid  when  23»i3  holds  | 
and  provided  £\      is  not  so  smc;ll  {X   so  lar^e)  uhat  the  method 
of  Chapt.er  IV  oecomes  inv3.1id.   ^tt  us  consider  an  ionizing 
particle  whic'n,  in  traversing;  a  medium,  falls  from  an  initial 
enert^y   /7  to  a  final  energy  ^J . 
tiy   ^i.  ••♦>  ^j  spaced  so  that  ^3.14  a^jplies  to  the  distance 


Jnoos 


e    a    set    of    erier'::,ies  tt 


X^  ^    ..     travelled    oy    the    ^article    in    fallin^    from   an   initial 


ene 


M^/ 


^&y  ^     ^^    ^"^    f"'nal    energy    /^     .      Evi'Jently   the   distarjces 


124 


; 


X^     travelled  oy  the  particle  in  losing  the  energies 


it  "  ^        for  various  values  of  n   are  independent  of  one  ano- 

/■-■      "        >-,    - 

ther,"'«'  if    the   collision   spectrum  does  not  dsjjend   explicitly 


on 


the   distance  X*      Therefore,    according   to   the   additive   pro-     "^^ 


perty   of    semi -invariants   (Sec*12),   ^ve   can  add   the  JT,     (AX)^  f  \ 

J' 

(^^'f^  ,  for  the  several^  intervals*,  and  S3. 14  holds  in  general  ^ 
except  for    the  limitation  23#13»  .    '* 


>  We  are  particularly  interested  in  the  distribution  in 
range,  vhich  is  Qix^^"^^).  Setting  Ej^^O ^  and  writing  R 
(range)  for  X*  23.14  gives: 


R'if.  (K') 


f/i/6)'  =  i  K<^h') 


23.15 


a  H)'  -i  f,  ^^*') 


/^  in   23.15   is   measured,    like  ;c ,    in  collision  units.      The   oer- 
centage   fluctuation   in   ranije ,    and   the   skevmess   in  range  dis- 


tribution are: 


'/, 


}f 


'/, 


=  -  y'/,  fs  w; 


23.16 


raVa 


Ih  WJJ 


»• 


VC 


This  is  only  true  when  £1^- dF^'*^  is   large  compared  with 


the  energy  lost  in  a  single  colli sion.   Othervdse  adjacent 
energjr  intervals  may  be  linked  statistically  by  +he  fact  that 
one  collision  can  contribute  an  appreciable  fraction  of  the 
energy  loss  in  both  intervals.   This  effect  may  be  related  to 
the  breakdown  of  23.14  for  very  small  £  (small  5?). 


'ij 
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_.,y/-.v./S.-^«.«- 


These  functions  (for  /•=/)  are  plotted  in  Figures  10a  and  10b 
The  formula  23.15  for  (AffJ^    (and  also  f or  ^)  was  gl.ven 

I  ■,  ■  -     '-     -  ---        ■      - 

essentially  by  3ohr    (1),    and   has   been  used   by  Bethe   and 


"  i: 


Livingston  (10, n. 233)  to  compute  the  percentage  fluctuation  ^^ 
in  ran^e.   Bethe  and  Livingston  plot  /j  '  ^^^  /Nf    ^'^  n   for 
protons  in  air  for  ranges  from  2  to  200  cm,  or  up  to  13.6  Mev, 
which  corresponds  to   *y^  -  0, 0146.   Figure  10a  agrees  with 
the  curve  given  in  (lb)  for  '^ 


^y    -   0.01  to  0.015. 


3y  using  23*  14  to  get  6l{x^t)    when  £,   and  Fare  larg-^,-"- 
and  ohen  using  23.3,  one   could  obtain  in  principle  a  solution 
for  r(£/X^    at  distances  X   for  which  the  condition  20.4  of  ^  ^ 
Chapter  IV  no  longer  holdSt   Formulas  23.2  and  23.3,  however, 


require  a  prohibitive  amount  of  laoor  in  general  when  (AK) 

are  not  small. 


an 


d  (A£)* 


-/■•-'       - 


l:U>  -.t 


24.   Distribution  in  Initial  Energies. 

We  have  determined  in  Chapters  III  and  IV  the  distribu- 
tion r(^/icj    of  energy  loss,  given  the  initial  energy  /*^  and 
the  distance  X   traversed  by  a  particle.   For  purposes  of  this 
section,  it  v/ill  be  convenient  to  include  the  argument 
explicitly"'*-  and  write; 


P(£,£*,K)d£  = 


probability  that  a  particle  with  initial 
energy iT* loses  an  energy  between  £  and 
£'hJ£     in  traversing  the  distance  X. 


It  is  often  required  to  know  the  probability  distribution  of 

the  initial  energy  ^,  when  the  final  energy  iT^  and  the  disliance 

*  'i/e  will  use  the  symbol  "£•»   instead  of  "^•»  to  save  writing 
a  subscript;  this  does  not  affect  the  discussion. 
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X  traversed  are  given.   YiFe  will  express  this  probability  by  the 
function:  '  ! 

A.''-'^  1-     d       ''    i2  '  •.  "     £:ii  y*'  v'       ,:    v'  *  ■  .  ■  ■■5*"  .  '       ■         1-'  -  ■«        '■  ■    -  "■  'i  .        *" 

:  ■'  . -•      •- Ji    JF''    •■■JS^  Tii .        -    ri    -         '•        ,  -  —  ■       ,         -  -J      J  ;-  ^      ■  ; -l>    , 

•  •  ■         '      ■■;■■■  ,^        'ji,.^         !i^       jf  J.         «         ■•  ■  '  ■.  ■,■  '■'■     ''  :■   "'*■=-■  ■    •'-■     '■     ■'-■--":        *:--v?    -  Vt.  ^■        - 

S  (£-•  jr^x)J^^^   probability  that  a  particle  which,  after 
^  traversing  a  distance  Xi  has  a  final  energy 

^',  had  initially  an  energy  between  /••  and 

^•y-/rn  24.1 


^#r 


Obviously  ^(  £  £^  x)   can  be  interpreted  as  a  distribution  in  final 


energies : 


P(£\£^ S^ X)J^    ^      probability  that  a  particle  with  inl- 
^     ^  tial  energy  £^   has,  after  traversing 

a  distance  X,  a  final  energy  between 


£f^  and  £^'tj£'^. 


24.2 


rhe  lack  of  symmetry  in  the  notations  may  serve  to  remind  us 
that  the  two  cases  are  not  really  the  converses  of  each  other 
an  that  the  probability  S(^^i  ^^i^)J^^   is  not  determined  by 
giving  £^   and  X%    t>ut  we  must  also  give  the  **a  priori"  probabil- 
ity distribution.   This  is  the  probability  distribution  in  /"* 
values  before  the  value  of  S     is  known*   Vie  may  know,  for  ^ 
example,  that  the  particle  is  one  of  a  group  of  particles  with  v 

« 

a  certain  distribution  in  energies;  we  may  know  that  it  was 
observed  in  a  certain  piece  of  apparatus  at  a  certain  time; 
we  may  know  that  it  has  previously  traversed  a  thickness  xf    of 
material  having  started  originally  with  a  knov/n  energy;  etc* 
Vihatever  information  of  this  sort  we  possess  about  ^   is  to 
be  included  in  the  function: 


\ 


an 


n\£  J  J£^   =   probability  that  a  particle  has  an  initial 

energy  between  ^•and  iF"*-/- ^/^  v;hen  the  final 
energy  ^^is  unknown.  24*3 

"i 
Consider  a  large  number/?  of  particles  whose  initial 

erijy  distribution  is  given  by  the  function  A(^*).      We  have. 
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k' 


hy    the  above  definitions: 

JlA(^)J^*/'(^-St^x}J^^    =■      number  of  particles  with  an 

initial  energy  between  ^*  and 
JF^-tJS^     and  a  final  energy 
between  S^   and  S^^JS^.    24.4 


The  probability  that  a  particle  v.'ith  fin^^l  energy  between  iT' 
and  ^  /'</^*  had  an  initial  energy  between  ^*  and  ^  -f-dS   ,  is 

just  tAe  number  of  particles  given  by  24,4  divided  by  the  total 
number  of  particles  with  final  energies  between  ^^  and  F^-^i^'^ 
When  J^'^ is  smalii  this  probaollity  is  that  defined  in  24»1:   ! 


24.5 


a  - 

This  is  an  instance  of  Bayes'  theorem  C34,p»6l).    Ve  thus  get 
the  connection  between  the  functions  £   and  r • 


24.  5 


If,  as  will  usually  be  the  case,  A  (£*J    is  constant  over  the 
{very    small)  ran^^e  of  initial  eneri^ies  for  which  there  is  an 
appreciable  'orobabili* {.•"•,  24.6  becomes: 


A 


.;e  now  write  the  function  f^{t,£^,t)    in  the  form  23.5  used  in 
the  last  section: 


Th^  parameters  f,  ^,  y(  ,  /,  ..•,  are  functions  of  -^*  and  X, 
but  they  will  not  change  appreciably  over  a  range  of  £^   values 
small  Compared  \o  S'^^  \^^f^\t  ^    and  we  will  assume  that  the   ( 


l>-- 


lJ.:^^■«'■„/g„^^^. 
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values  with  apnreciable  probability  are  confined  to  such  a 
small  ran£:e.   This  assumption  vi^ill  be  confirmed  by  the  results, 
and  evidently  must  hold  if  range  measurements  are  to  give  any 
accurate  measia,rement  of  initial  energies.   Vi/hen  ^  is  given, 

r  _       f* 

we  have :     ' 


■  J 


ir'=  if^f  (? 


4.9 


£  is  given  by  (21 •3): 


-/  '' 


^*-i 


K(s) 


ue    define  -^  by  th^  equation: 


'f^>'7lf-<^-'^-f-<-'^] 


84.].0 


24.11 


^'and^"*  evidently   satisfy   the    relation: 


£^  ^  S^-h  E(^\x) 


fie    define 


Af 


by: 


'«^t 


/^«  £'£(Kx) 


£4.12 


24.13 


The    latter   equality   follows    from    24.12    and    24.9.      '.Ve    novv   have; 


A.    = 


^  -  £  (K'c) 


_  £' 


24.14 


C 


Nefrlecting  hijher   order   ter-ns   in  the   expansion,   and  using   24.13: 


4^' 


*; 


0-  r^ } 

^  \^9  J 


?4.15 


J^V 
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Differentiating   24.10  ■■■'i  tb  respeot   to/"*  and  v.sing  24.1?.:   \ 


^=-i 


)!,(^) 


-  r-  'riJ  v^ 


j^*^  ^,(^j 


Substituting:   in   24.15: 


24.1ft 


24.1 


I 


where  d^'is   ^iven   by    (Z.^.Sl.22): 


«:    = 


-^^  =  )>,(^)f'HfJ^')-KU^/f' 


24.18 


-f-^CF^)   has   been   re2')laced    by    i^  (^V     in   accordance    nith  the 
assumption    that    ^     is    essentially    constant   for    all  ^*    v.ith 
which    v/e    are    concerned.       Using    24. 8    and    24.17,    we    have: 


•i** 


.13 


and    by    24.7: 


d^' 


i"c^*:^5^J  = 


'^v  C, 


24.20 


«» 


e    h?^ve    r)roved    that  ^    ^^rovid'^c    only    that    the    spread    in   initial 


energies    is    sufficiently    sma^l  ,    the    Initial    ener^jiy   distribu- 
tion    SA^l^ y^^    ^^   given    oy  a  curve   with  the    s:^.rne    dimension- 
less   parameters   Ay^jf   ^^  ,    ...,    (same   ghape)   as    the  distriou^ion 
RH^^^k)  ;    and   v/ith   a   mean  £^  and'    a    fluctuation  di*  ^iven   by 

24.11    and    24.18-  ^ 


or 


;     th^    equations    vivin^    t>]e.  parameters    for    th 


t 
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initial  energy  distribution  reduce  to: 


f,  (^) '  rH 


K''V.(mf'^lh(^)] 


-V  -'. 


S4.21 


The  subscript  '^♦'  has  been  restored,  and  the  distance  X  becomes 
t>:e  ran^e  /?  (in  collision  units)*   The  formulas  24.21  have  oeen 
derived  asin^  equations  which  are  valid  only  when  x  is  less 
than  about  R5j2  of  the  ran^e  (Sec.22)»   However,  since  the  para- 
meters  depend  only  sliijhtly  on  ^  for  Ft<<£l^^    the  extrapola- 
tion  to  £L^0    is  presumably  justified.    •      "    ^      |  :  , 


^•^ 


y    i; 


»     ,     !^ 


The  function  Au,  is  Ihe  same  as  the  skewness  in  range  dis- 
tribution  given  by  23»16  or  Figure  10b,  The  fluctuation^  is 
exactly  the  uncertainty  in  the  initial  energy  as  read  from  the 
(mean)  range-energy  relation  if  the  range  n  is  regarded  as    . 


((^) 


K 


^f 


uncertain  by  an  amount  ( C^^/  /  as  given  by  23.15  or  Figure  10a. 
The  relation  24*21  f or  ifjf.  is  just  the  relation  23*15  for  yr  with 

I  -       ■  -  .  _ 

the  Our    o\\a.n^ini^    places*   The  percentage  fluctuation  in  initial 


.1  ■  VC'..    „.  ■;  .<, 


from  0.01  to  lOj 


enev'/y-    ^^/^    is  iiractically  constant  for 

it  is  2.7;{  at  ^/4»=0.01,  falls  slowly  to  2*1^  at  ^/    —    1, 


and  rises  Lo  3.3X|at  ^/    =r  10;  (these  figures  are  for  ^-s/)* 


The  connection  between  the  distribution  Q(x,£)    defined  in  Sec- 


tion 


23  and  the  distrioution  S  (^^S^if)    can  obvi 


ously  be  treated 
in  a  similar  way,  using  Bayes^  theorem,  to  the  treatment  given 
above*   This-  .vouid  enable  u«  to  derive  the  formulas  24.21  from 


0 


'('i.i 


■  / 
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83.14,  and  thus  justify  the  above  extrapolation  to  ^  ^If. 


V.  '■  ^^^U■    W'-^      fr 


2 5 .    Extensions   and  Oiher  j^pplications^ 


^B  ^ 


The  methods  of  Chapters  III  and  IV  are  readily  applicable 
to  the  determination  of  the  distribution  r(£^X/   of  energy  loss 
by  ionization  for  energies  outside  the  range  covered  by  the 
oresent  calculations.   The  extension  of  the  curves  of  Figures 
5  -  10  to  energies  up  to   fc/  -^     50  is  simply  a  matter  of  con- 
tinuing  the  calculations  up  to  this  point.   The  corrections  of 
order^discussed  in  Section  22  become  increasingly  important 
at  hi^iher  energies,  and  for   V  >  50,  it  ^T/ould  probably  be   ^ 
necessary  to  include  the  terms  v(X^)   in  the  original  computa- 


■M^ 


r 


tion»   Tbe  computed  curves  would  then  apply  only  for  a.  parti- 


■;  -I 


i 


cular  value  of  If .    Far  ^V  ^   50,  the  correction  terms  due  to-  !  ! 

7^ - 1;< . ! 

spin  (Section  6)  become  important;  e.g.  at   V  =  "50,  the  correc- 

■        i  9  .Jl^* 


tion  to  Jk?3 


For   V^  >  20,  corrections 


■■'-^T 


^^     is  nearl}/  20?^  for  spin  ^. 
due  to  spin  should  be  applied  to  the  results;  the  computation 
for   4/  >  50  ^vould  probably  have  to  be  restricted  to  particles 
of  a  particular  spin. 


■,  .  \. 


Vihen  ^it9   is  not  large  comj^ared  with  J^  ,  collisions  in  which 
the  resonance  levels  of  the  atom  are  excited  contribute  apprecia- 

1  •    '     : 

,  I         .  I 

I  ■ 

bly  to  the  f luctuettions  as  well  as  to  the  mean  energy  loss,  even 
at  large  distances  X.   (For  limitations  at  small  distances  X,  -  :'• 

see  the  discussion  of  Landau's  results  in  Section  2.)   In  this 

%  -  •  i  ■'  \* 

Case,  the  approximation  made  in  the  present  calculations  is  no 

longer  valid,  of  lumptJi/  the  effect  of  such  collisions  together 


I 


1  ■ 


m  a  term  X  in  the  spectrum  and  neglecting  the  fluctuation 


s 


s 


-v. 


/ 
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produced.   The  general  formulas  of  Chapters  III  and  IV  still 
apply,  but  the  moments  Afg^,  i?j,  etc.,  must  be  computed  for  the 
correct  collision  spectrum  including  all  types  of  collisions. 
The  second  moment  can  be  calculated  by  using  a  sum  rule,  as 
sketched  in  Section  5j  without  determining;  the  precise  form 
of  the  spectrum.   At  low  energies,  ^i^  =  .^^SFiJZ  (^^®^  terms  ^•JJT"/ 
are  neglected).   The  condition  S^»  T^   becomes  %^^^  ¥ir    »    / 
for  J^-^  1000  ev,   M   —  5  x  10"^,  this  condition  is  well 
satisfied  at  the  lower  limit  of  energies  considered  in  the    :\ 
present  calculations  (  ^  -  lO""^).   For  lower  energies, 
ho\''^ever,  the  collisions  with-^^JZ^  begin  to  contribute  to  J^*. 

For  electrons  at  energies  large  compared  with  j^l,  the 
Landau  approximation  tov  /^(£^k)    is  v^lid  up. to  fairly  large 
values  of  X.   The  collision  spectrum  V (^?     for  electrons  is 


iyen  in  Reference  (4)  (iJ.  244),  and  is  practically  equal  to 


/^  / 


the  'spectrum  11»1  assumed  ^by  Landau  for  /^ -^  j^  ^  •   At 


'-jf^. 


the  correct  spectrum  is  aoout  IC,^  larger  than  11.1,  and  at 

I 


j«-9.  ,  it  is  50f;^  larger.  Hence  Landau's  solution  is  valid 
for^«f<<^^,  where  "«"  means  smaller  by  a  factor  of  «. 
perhaps  10*   When  these  conditions  are  not  satisfied,  the  more 


,  /. 


general  methods  of  Chapter  III  may  De  applied  to  determine   K 
f  fC<^  for  the  correct  spectrum  V{^^.      The  condition  i^^Y^ 
insures  that  collisions  with  ^^f^    occur  only  rarely.   Since 
these  collisions  are  accompanied  by  fairly  large  angular  de- 
flections of  the  electrons,  the  treatment  of  the  case  when 
3  ^"^y*-^  is  not  satisfied  requires  a  consideration  of  spatial 


•f 


'■  \ 
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scattering  and  of  the  geometry  of  the 


>  r.<        ,.-i: 


the  erectron  is  passing.   Whe 


n  ^  <  / 


apparatus  through  which 
it  is  also  required, 


either  for  Landau's  solution  or  for  the  applicability  of  the  V 
more  general  methods  of  Chapter  III,  that  tp    (or  f)  be  small 
compared  with^  ;  otherwise  the  variation  of  }i(^?    with  £  must 
be  considered*   The  condition  Cj^^Sj^    for  electrons  vvithy^*</ 
is  practically  equivalent  to  the  condition  f «^^,  so  that 
the  Landau  approximation  11.1  to  the  spectrum. j  and  the  assump- 
tion that  the  spectrum  is  independent  of  P,  ooth  break  down   1 
at  about  the  same  values  of  X*   ,  The  methods  of  Chapter  IV, 
(in  combination  perhaps  with  the  method  of  Williams  discussed 
in  Section  17),  would  allow  the  soliAtion  to  be  extended  some- 
what  further •  ! 


At  high  energies  (>^10'^  -  10®  ev  for  electrons. 


lO^l  ev 


for  mesons)  energy  loss  by  radiation  is  about  as  great  as 
energy  loss  by  collision.  At  lower  energies,  radiation  is 


1 


comparatively  unimportant,  its  effect  being  to  produce  an 

occasional  large  energy  loss.   This  effect  can  easily  be  taken 
into  account  by  computing  the  probability  for  such  a  single 
large  loss  by  radiation,  and  adding  this  to  P(£,x)    as  a  veryV 
small  tail  extending  to  large  values  of  /*-^#   The  methods 
used  in  this  thesis  are  not  very  well  suited  to  treating  the 
general  problem  of  the  distribution  of  energy  loss  ^x^^j   radia- 

I 

tion,  because  such  energy  losses  occur  mainly  by  emission  of  J 
large  quanta  which  carry  away  an  appreciable  fraction  of  Lhe  J 
kinetic  energy  at  one  time.   The  fluctuations  are  therefore   I 


^"■■■■^ 
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quite  large,  and  an  initially  homogeneous  group  of  particles 
rapidly  becomes  spread  over  a  wide  range  of  energies*   Thg-^^-r-- 
method  of  Chapter  IV  of  assuming  a  linear  relation  between 

1  _..■'■»■.•  .-■■*■  ft  ■ 

the  moments  It^f^  }fx  9    etc.,  and  the  deviation  in  energy  loss 

^f*  would  therefore  be  little  better  than  neglectin^^  the 
dependence  on  £   altogether.   The  distribution  curve  PC£yX) 
for  radiation  losses  bears  no  resemblance  to  a  Gaussian 
curve,  so  that  expansions  like  those  of  Section  14  and  15  are 
of  little  use*  An  approximate  solution  for  the  distribution 
in  energy  loss  due  to  radiation  by  high  energy  electrons  has 
h^en    given  by  Bethe  and  Heitler  (35);  this  solution  is  based 
on  an  approximation  to  the  radiation,  spectrum  which  underempha- 
sizes  the  fluctuations,  particularly  at  very  high  energies* 
A  solution  vvhich  somewhat  overemphasizes  the  fluctuations  has 
t)eQn   given  by  Furry  (33).   In  any  case,  the  cascade  multiplioa- 
tion  vvhich  accompanies  I'^irge  radiative  energy  losses  makes  a 
discussion  of  ener^iy  loss  alone  of  the  primary  particle  rather 
academic. 

The  £,eneral  problem  of  determinin;^,  the  distribution  rCC^x) 
of  the  total  energy  loss  due  to  any  sorts  of  processes  vvhich 
cause  individual  losses  of  en^^ri^y  ^  whose  probability  per 
unit  distance  is  given  by  a  spectrum  }t(^/^/^^   ,  leads  to  an 
equation  of  the  form  9.7  or  9.8.   ^;^^hen  the  deoendence  of  the 
spectrum  )!  on  £    is  neglected,  the  solution  may  oe  obtained-  oy 

i 

a  Laplace  transform  as  in  Section  10,   Most  of  the  methods  de- 
veloped jn  Chapter  III  for  evaluating  this  transform,  (exce^^t 
those  of  Section  17),  and  th^  methods  Of  Chapter  IV  x^or  taking 


-.  t 


r 
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the  dependence  on  £"  into  account,  are  especially  tailored 

to  the  case  when  the  d  i  st  rl  on  t  ion  F(f,x)     is  roughly  Gauissian, 


i4. 


at  least  to  the  extent  that  it  Ib  unimodal  (single  humped) 
and  confined  more  or   less  to  a  definite  rericm  of  the  energy 
scale  for  each  valiie  of  X,   The  idge^'orth  and  weighted 
^dgeworth  expansions  are  of  little  value  unless  the  distri- 
bution is  unimodal.  _ The  general  formulas  12#16  and  1?#17  , 
for  the  moments  are  still  applicable  whenever^  is  indepen-   > 
dent  of  £     and  may  be  used  as  suggested  in  Section  12  to  de- 
termine  the  coefficients  in  other  types  of  series  which  may 
be  more  suited  to  other  kinds  of  distrioutions# 

.  -  . '  '  ' j.^  •      '    ■ 

Sometimes  the  spectrum  }i(^j£^x)      is  more  conveniently 

■I  ■  •.  ^  -  -  "  ■  ■'-  -  -      '  ^-  ' -         ■'---■'■  - 

expressed  by  replacing  the  variaole  S'     oy  a'  variable  W'^S'^C^) \ 

,%-■■■  ■  •  , 

e.2»  '^■^-^    probability  of  energy  loss  by  radiation  is  most  con- 
veniently expressed  in  terms  of  the  fractional  energy  loss 
ir-^/£r   (4).   The  probability  }l(^,£,^)     for  a  collision  with    ^ 
a  particialar  value  of  iT   is  then  given.   One  way  of  treating- 
this  case  is  suggested  in  Gram§r^s  oook  (S5 ,p. 219 , 820) •   We 
study  the  distribution  rC'Z^x)    of  tVie  sum  z«^^,  summed  over 
all  '^collisions'* ;  this  distribution  is  determined  by  an  equa-  : 
tion  similar  to  9,7  or  9,8.   Vile  then  observe  that  if  each 
is  a  fairly  small  fraction  of  ^,  vve  can  relate  the  variaole 


^  to  £  by: 


25,1 


£''£ 


.  -V 


.»'■ 


1  --• 


m^yy^^.i 
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Integrals  often  arise' in  mathematical  physics  of  the 


form : 


,  I 


Cf-ZciO 


v^ 


.fr.f.    ':-■*■  *i' 


¥*■ 


25.2 


^*/«D 


The  function  /^(£/X)    will  frequently  be  a  dlstriDution  func- 


:S  -  ./  .  ' 


tion  of  some  sort ,  but  in  any  case  the  analogy  be.tween  25#2 
and  10^10  will  often  allow  us  to  regard  F^t^x)   as  a  distribution 
in  energy  loss  resulting  from  a  certain  energy  loss  spectrum 
J(f(^/  ^vhose  transform  is: 


Tlis)    -  /(s)-^(c±td>) 


25.3 


If  dU)  '  J(Ci I  ifi)    »  which  we   interpret  as   the  mean  number  of 
"collisions"   per  unit   "distance"  Xi   is   infinite,   we  may  be 
able   to   remove   the   infinite  part   as  a   term  -jX,  or  we  may     , 
define   t(^')    by;  ■  ..■.}'''_  ;:'^,:: 


J(sf-fC6)  =  J ('^    -01^(^0  d^' 


25. 4 


5' 


It  is  really  only  the  integral  25»4|  and  not  the  Laplace  - 
integral  o(^J,  which  must  converge  for  a  mathematically 
allowable  collision  spectrum^  The  function  ciC^^y  is  often 
known,  or  can  more  easily  be  found  than  the  function  25*2. 
If  ^C^)  "^  ^  lh«n  the  fimction  ^(£,x)  is  not  normalized, 
and  we  would  interpret  the  energy  loss  distribution  as  the 
normalized  function:     r    - 


x?f/ 


7  ^ 


Vf 


25.5 


f  ■ 


/ 
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This  interpretation  of  the  equation  25*2  allows  us, to  make 
use  of  the  sort  of  arguments  described  in  Section  17,  in 
evaluating  the  integral.   The  series  exj^ansion  methods  of 
Chapter  III  are  always  available  for  the  evaluation  of  inte- 
grals of  the  type  25.2,  the  weighted  and  unweighted  Edgeworth 
expansions  being  useful  when  F'(i^)    is  unimodal  in£.   These 
remarks  can  alro  be  extended  to  the  more  general  case  v^hen 


a  fnnotxon    £(SyX)     occurs  in  25.2 


,:;>-■ -K/H 


26«  Instructions  for  Usin^^  the  Curves.  ''  J::'-  -^^     '-^--'^'W 


The  curves  presented  in  Fi^^ures  2-9  allow  the  deter-;  , 
mination  of  the  distribution  in  energy  loss  by  ionization,  of 
mesons  of  energies  from  1  to  1000  Mev,  in  traversing  thickness-^ 
es  of  matter  up  to  85>^  of  the  range  of  the  particles;  for 
greater  thicknesses,  the  distribution  in  range,  determined  by 


-%*. 
■^ 


Figure  10,  will  usually  be  of  more  interest.   The  curves  can  be 
used  for  protons  of  energies  from  10  to  10,000  Mev.   The  proba- 
bility distribution  of  the  initial  energy  of  a  particle  which 
has  traversed  a  known  thickness  and  emerged  with  a  known  final 
energy,  (which  may  be  zero),  can  also  be  found  from  the  curves, 
as  will  be  explained  below.   For  the  convenience  of  the  reader, 
the  definitions  of  the  symbols  to  be  used  in  this  section  are 
repeated  here:  ''^i-^^    ...  '\;r  >  ^'-:^.::  .V-^^^ 

^    — ^\;  .';■■■"■       -^-^Pv  z*^^'^-  *'      ^.  ■■' ■    ' '"    ■         '    '  ^  ■":-'-     :  •■;       .    -:-■:  ^v--;    %v- 

::'-:'i.i/:-X::^    PC€)J£  -   Probability  of  a   total  energy   loss    between 

; ..    ^  and  ^  ^ i f   ■;';-' 

■  ^.    :  '    —t-^  .  .  ,  •  ■  --•■  --  -'         -:-.-.  ...1.  -;-■  .:-  -..  ; 

-  1  ■  '  '         ■  "      ■ 

Almost   prodDable   ienergy   loss 

Weighted      j 

\  ^■'^'©ighted   r^m^s.    fluctuation-^;  ^^     -      ^ 

Paa?ain€ters    I  v 

^^ weighted   skewness  -  ?^'^      ^^ 
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Unweighted 
Parameters 


^^■rV'^ 


-r-  r. 


;2  mean  energy  loss 


«  (unweighted)  r.m*s*  fluctuation  -  ((A€)V 
s  (unweighted)  skewness  sr     ^y/;, — ^^% 


A 


Initial  kinetic  energy 
final  mean  kinetic  energy  •/^— £ 
rest  energy  of  ionizing  particle  ^ 
rest  energy  of  electron  (A^^^   1  Mev) 
^^^         i,7r-l     for   meson) 


X 


t  ^  thickness  of  meterial  traversed  in  cm. 


X  ' 


thickness  of  material  traversed  in  **col- 
li  si  on  units'*:  X  ^  O./ro-^j^t 

ratio  of  atornic  number  to  atomic  wei:5ht 
for  material  traversed.  (If  material  is 
not  monatomic,  use  ^^^ji  •  ) 


w  - 

I 


t:  density  of  material  in  gm/cm^.     ^  v  v^y 

s  averat.e  ionization  potential  of  all  the 
electrons.   To  a  sufficiently  good 
approximation,  J^^/3^2^cv.  .  .   - 

=-  fractional  total  energy  ^  ^-t/  C-^ 

mean  raie  of  energy  loss  per  collision 
unit.  (Fig.  5a) 


■i .: 


ionization  potential  conversion  factor. 

(Fig. 5b). 


/ps:  range  ^• 

(II  ^-f  motions   of    ^ty^    plotted    in  Figures    6,7, 
^^^Jir    8,9.  v^ 


l^f/c'^   (see    Eq.26.2    below) 


The  thickness- t  of  material  traversed  always  occurs  in 


if^" 


the  c  umb  ina  t i  on 


(O,  ITO  ^a)  t 


,  and  it  is  convenient  to  define 


i  \ 
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the  "collision  thickness"  X  as  above,  When  thicknesses  are 
measured  in  terms  of  the  dimensionless  quantity  Xi  most  of 
the  variations  in  ionization  losses  in  different  kinds  of 
material  are  eliminated.   The  thicknesses  of  various  materials 
at  which  )f«/  are  given  in  Table  9*  J*",  ^  i  and  ^tc  are  the 
ordinary  mean  energy  loss,  r»m.s»  fluctuationi  and  skewness. 

The  v;eighted  parameters  ^p,  tf^,  Ji^,    correspond  to  these  same 

.. ,  - ,  ^ .  ,  * .  ..       . .  .     '.  '  '      ■  ■ 

uantities  calculated  after  multiplying  the  distribution  r^(£) 


n 
^ 


by  a  weight  factor  which  reduces  the  effect  of  the  tail  of 
the  curve.   In  the  limiting  case  of  small  thicknesses ,  Au^   and 


^V^  t)ecome  infinite,  whereas  Jl,^  and  "y^   remain  finite.  For 
large  thicknesses,  A,,  *J^i  and /|^  approach  ?,  ^  ,  and  Au  •  ^ 


The  distribution  curves  are  most  conveniently  plotted  in 


-  y!--."-*  * 


terms  of  the  wei£;hted  parameters  as  in  Fi^^^ure  Z*      The  energy 


loss  is  measured  in  terms  of     Vne    var 


iable  ^^'^V^   ;  i-e. 


on  the  horizontal  scale  corresponds  to  an  ^ner^^^   loss  £p^    and 
energy  in  measured  along  the  horizontal  scale  in  units  of  i^. 
vVe  then  have  a  f airily  of  curves  characterized  by  the  single 
parameter /|^,  whicb.  varies  in  value  from  1«48  (for  ver^f   small 
thickne'^^Res}  to  0  (G-aussian  curve).   In  order  to  use  the  curves 
of  Figure  2,  the  three  weighted  parameters  fyi  ^i   /liyj  "lust  be 
determined  in  accordance  with  the  instructions  given  below. 
The  differential  distribution  curves  -^ P(B)    as  plotted  in  . 
Fi-ure  8  are  not  normalized*   To  normalize  in  the  scale  of  r.he 
variable  ^^''^Pf/g;^      ,  multiply  by  the  factor  /^,  wnich  depends 
I  on  Xu^   ^^^-  is  ?^lso  plotted  in  Figure  2;  the  curves  then  all  have 


r 


r"^ 
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the  same  area^   To  normalize  in  the  scale  of  the  variable  £, 


,.t^ 


(probahility  ner  unit  energy;,  multiply  'oy   v^ )  *''^'^^^   ^ives 

jUBt  ^(£)    as 'defined  above.   The  intec;ral  diatribution  Ciirves 

JfCiUE      as  plotted  in  Figure  2,  -ive  directly  the  probability 

that  a  particle  will  l(,>se  an  energy  greater  thane.   The  distri- 

biition  curves  of  Figure  Z   are  accurate  to  within  about  plus  or 

« 
minus  one  quarter  of  the  distance  betv/een  them,  when  used  wiih 

the  oroner  parameters  ^s  determined  below.   The  integral  curves 
for  >l.  il.45  are  most  readily  ootai.ned  from  the  formulas: 


JP(£U£  = 


whe  re  : 


0 


(P>0 


I 


Aa3 


(io<£^^^) 


2n.l 


/-A 


and  J  and  C   are  ^iven  by  formulas  26»2  below. 


For  small  thicknesses,  Fi^^'ire  3  may  be  used  to  determine 
the  weighted  p^^rameters  ^>  ^  i  #4^  directly.   Small  Ihi  ckness(-,s 
are  defined  as  t'nose  for   which  ^-^7^1  ^^  A^^/i     whichever  con- 
dition is  least  restrictive,   (T^ie  former  condition  applies  in 


general  for  energies  up  to  -n^  /  ,  and  the  latter  at  hi^^her 
enero^ies.)  The  curves  of  Fi^^ure  3  are  self-explanatory.  ?ife 
first  calculate  the  quantities: 


r  =  ^  (*.'s-of)^i-  = 


/* 


..(   •* 


v-jf  .  r 


feneri^yj 
So  •  2 


/ 


.  u. 
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^dimensionless 


=7 


The  dimensionless  quantity  j^^    is  ^^roport ional  to  the  thickness 

•         '     •<■•>  -'■  ■  ■-    '.;■  .  ■  -i   ■'■■::,  •-.'■      ■   f ■*  "i  '-'■■''■'         -■  .   ■  •■■■      -   ;   V  .,».   -  .  : 

r,  and  the  curves  of  Figure  3  give,  as  functions  of  /c  i  ^^"^^  ^  '^ 
weighted  skewne?!S  /l^^,\and  two  other  numbers  h   and  /  related  to 
6^   and  ^  by  the  formulas: 


^u.^    ^i 


26.3 


£^.s(^i  *j) 


/<« 


U: 


Where : 


The    curves    of   Figure    3   and    the    formulas    ES.S'  and    26.3   may  be 
used    (viith   Figure    2)    for    meson   energies    from    1    to    50,000   Kev. 

■  ■■  -  "  **        , 

Above  50,000  Mev,  the  formulas  are  correct  only  for  mesons  of 
spin  0:  the  effects  of  soin  become  imoortant  at  about  50,000 

;.  I  .  ■ 

i      . 

Mev#   The  curves  are  not  valid  for  extremely  small  thicknesses 
when  s^^J?^,  but  such  a  case  is  not  likely  to  occur;  (it  corres- 
ponds, for  example,  to  about  0*005  cm  of  lead  or    less}. 

For  large  thicknesses  {£" ^^jJl    or  A^<J)f    the  un'.veighted 
parameters  ^,  ^ ,  A^,  should  first  be  determined.  (This  method 

.-■•V  •      .  ,  -J  -  ' 

may  be  used  for  any  thickness  provided  the  numbers  required 
can  be  read  from  the  curves  with  sufficient  accuracy.   Figure  3, 
on  the  other  hand,  should  not  be  used  except  when  the  condition 
for  small  thickness  is  satisf ied. )   The  mean  final  energy  is   ' 

.determined  from  Fi^^ure  6,  using  the  formula:  ' 


I 


f/^;  ^  ^f(^k')'yx 


26.4 


i  ■• 
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For  materials  other  than  air,  iron,  or  lead,  (or  with  an  equi- 
valentJV.)*  interpolate  geometrically,  according  to  -^  ^  be- 
tween  the  curves  in  Figure  6,  or  multiply  £  (^)   by  the  correc- 
tlon  factor  y(^/   given  in  Figure  5b.  ^  is  then  computed 
from  Fi^.ures  b  and  7  and  thu  fornuiLa: 


«;  =  HiC^jy^^'lfJ^P-fj^,)] 


t 


Yk 


26.5 


■.(,■■■ 


When  .^  is  not  approximately  330  ev*  (iron),  t^    and  ^  as   *k 

\      ,      ...       I  ■  - 

plotted  in  Figures  5  and  7  must  be  corrected  as  indicated  in 
the  figures,  fx(^k)     should  be  multiplied  by  [^(^k>J    (Figure 
5b),  and  T^fC^O    should  be  divided  by  ^(^i^).    Xt^     is  computed 
from  Figures  7,8,  and  9  and  the  formula: 


-.%■  i 


k 


UL 


26.6 


A  correction  must  also  be  appliad  here  when  J^s^  ZZO   ev.   Ihe 
most  convenient  procedure  is  to  compute  Jl^^  from  26.6,  using 
the  values  read  from  Figures  7,8,  and  9,  and  then  multiply  by 
[0(^Vj    ^*      The  last  term  in  26.6  is  a  small  correction. 


negligible  for  i^J^^*^**  ^^^   amounting  to  about  20^  at  ^  *3^» 
A  small  correction  factor  should  be  applied  to  26.5  and  26.6 
when  iv-^/^  ;  ^  should  be  multiplied  by  (l^ S^dOf  Ifyt^)  ^    and  Xu^   t>y 

(l-  doriTv^) .      vVhen  r(-^J-^)%    ^f  and^^  are  determined, 
the  welp^;ht9d  paramotors  are  readily  detiM^minod  from  FiKuro  4. 

/t|^ia  dettirmlnod  fimt  fiom  Uio  curvo  X^    vu  X^\     €\^   i«  tlion 
determined  from  the  curv6  ^%-   va  J^;  and  finally  £^   from  Uie 
curve      '^^^^      vs  ^^.   For  X»^6  /  f    (as  it  is  for  large  thick- 
nesses), it  is  usually  a  good  enough  approximation  to  take  X  s-/^^. 


..■v| 


V'  • 


f  (■■ 
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The  curves  in  Figure  10  giving  the  fluctuation  and  skewness 
in  the  range  distribution  vs  the  initial  energy  are  self -expla- 
natory •   A  correction  is  required  when  J^9&  330  ev,  as  indicated 
in  Figure  10;  for  this  purpose,  it   should  be  evaluated  at  the 

initial  energy^*.   The  skewness  in  range      r((A/tf)        i®  ^^ 
the  order  of  -0.3  to  -0.5  (for  mesons),  so  the  distribution 
curve  for  the  raoige  will  have  the  shape  shown  in  Figure  2  for 
4  -0#3  to  0*5,  except  that  the  curve  is  now  reversed  (negative^) 
so  that  the  larger  tail  is  on  the  side  of  smaller  ranges*   In 


using  Figure  2  as  a  range  distribution  curve,  one  should  of 


course  take  ffl   =?  Cf^ffj^  •      The  mean  range /T  can  be  determined 


from  Figure  6,  using  the  formula; 


•^WK        ■■  ■ ---5*'^- f.- 5-,-W'  ;7? 


•..^•-•J'.- 


#^' 


?  i 


-,:^r.m 


n  =  f  i.u,-) 


-•*'4 . 


^  * 


I  -if,      :»'■■  -?l?- 


i...  .  -'Si"^,.*?    \'M^' 


~[nis-o^/>]"if.(^i 


(collision  units) 

26.7 
(om) 


V;'Jt.i 


« -   i 


It   should   be  noted  that  n    is  not  the  peak  of   the  rauige  distri- 


:;*■  ■  ^ ' 


bution,  but  is  slightly  displaced  toward  smaller  ranges,  due 
to  the  somewhat  larger  tail  on  the  small  range  side*   The  diff- 
erence      ^V/T^      1  (^  is  the  most  probable  range),  will 
be  given  by  the  curve  ^^"^^^/^      in  figure  4,  so  that  we  have 

(A-0.4,  qsf   ): 


- X.  -  /■;<"':ff-k' 


0.2 

0,Qfo 


(mesons) 
(mesons) 


26.8 


« 


t;-^' 


A  displacement  from  the  peak  of  0*2  on  the  horizontal  scale 
of  Figure  2  would  be  just  perceptible* 

If  the  distance  X   traversed  and  the  final  energy  ^'are 
known,  the  mean  initial  energy^,  and  the  fluctuation  in  the 


{ .. 


X 


/ 


initial   energy  are   given  by: 


_.(Vi! 


V- 


/,  (^)  =  f,  (^)  t  ^' 


4- ** 


26*9 


<-.•  =  ((^^f=v^^fr'^Lh(^)-t<^t" 


The  skewness  /lu  in  the  initial  e*ei^r  distribution  is  given  by 
the  formula  26.6  with  ^®  and  £]^    replaced  by  ^  and  i^^,  respec- 
tively»   Corrections  for -^9^  330  ev  are  the  same  as  explained 
above  for  equations  26#4,  26. 5,  26#6.   Thus  the  energy  loss 
distribution  when  the  final  energy  is  known  is  essentially 
the  same  as  when  the  initial  energy  is  known,  except  that  cj 
has  the  factor  %(^)   instead  of  ^  C^/ ,  which  may  make  a  con- 
siderable  difference  in  the  spread  of  the  curve.   When  £lrsl^% 
i.e*  when  the  range  K   is  known,  the  formulas  26.8  reduce  to; 
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M 


'.■\ 


i(^')  =  ^R 


I 


(^in  collision  units) 


rj  ^  i^,c^)fHh(^p 


26,10 


ri/. 


(--*^0#3   to   0.5   for   mesons) 


The   ratio     '*/r^i   when  /f  is  knov/n,.  turns   out   to   be  about   2 #4^ 
tO.Zfo  for   mesons   of    (initially)    1   to   500  Mev,    and    is   7j.7j%  at 
1000   Mev    {(/-/  ).     ^^,, 


4^!^   \.,<  -h:^    .^:  ■/ .V 


•^<  ''<■''  ...   ^ 


I  *   - 


As  an  example  of  a  "small  thickness*'  calculation,  we  5  ^ 
consider  a  meson  of  500  Mev,  traversing  3.8  cm  of  lead»   Using 


lable   9,    we    find: 


I 


* '  zTT  r  '■  ^^ 


k 


1 
4 

(      - 
I 
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We   now  compute : 


w 


■■<*,■ 


i^} 


,j';  ..,-.  *i'V 


^»  = 


f  = 


■)■  :^s^m 


^*'-^'-;- 


"  7^;^^-^'/''^^*'^" 


:jj>H,  .i.4 


^i' 


■■■   '''.  4       .f^;- /*"■  •{■:^ 


'.-^  X,  ■'  '^^  ''''--^' 


From  Figure    3,   we   read  the   values: 


(setting 


A^-*  1 


Mev) 


-t 


A-  '/J" 


>V|^ 


1 


k    =/-?^ 


■  -i    «--   ■  ,  ■•'.a..  -.^. 


J 


=  d./S 


Using  T^-^f^-^Z   "=  1000  ev,  we  now  compute: 


(T^   ^  A^  =  3"5-S  M 


•  V 


u/*-/ 


^^  -  ^^-^4  ^"/^  :.j.ii-/46.4ry3r//^^/''-^7 


Mev 


Mev 


The    distribution   curve    is   therefore    midway    between    the 
curves   Jl^'^l.S   and  /i^.- 1*4   of    Figure    2,   with    ^^^^^i^^J^  ^ 

I  ; 

i 

corresponding  to  a  loss  of  46.5  Mev,  and  with  each  unit  on 


r 


^ 


146 


the  horizontal  scale  representing  3.58  Mev#   The  mean  energy 
loss,  according  to  Figure  4,  occurs  at      /^    s  1,05,  or 
i^'^p)  ^   3«8  Mev.   Therefore  the  mean  energy  loss  is  £  -50#3 
Mev*   A  check  on    the  work  is  afforded  by  noting  that  f  ^  i^/X 


M- 


'.vr    *"? 


(small  thicknesses).   From  Figure  5a  and  5b: 


Mev/collision  unit 


Mev 


This  agrees  with  the  value  of  E   obtained  above,  within  the 
accuracy  v;ith  which  the  numbers  can  be  read  from  the  curves. 


« 


As  an  example  of  a  "large  thickness"  calculation,  we,  o;;?  5 
consider  a  meson  with  initial  energy  20  Mev  (  %,  -  0»2)  travers- 
ing  1#5  gm/cm2  of  silver  chloride*   Using  Table  9,  we  find     W 


for  X- 


u* 


'*^ 


For  Ag,  Tj^^   13.5  X  47  -630  ev.   For  CI ,  JT^^    13.5  x  17=r230  ev. 
For   the  average  J^    for  the  47  plus  17  electrons,  we  have: 


d  ev 


A  glance  at  Figure  5b  shows  that  silver  chloride  is  to  be 
interpolated  about  1/3  of  the  way  from  the  iron  to  the  lead 
curve.   Using  this  rule,  we  find  from  Figure  6  and  equation 
26.4: 


»*f 


^^v-;;j^,;w' 


^i^^k^  ^f^^f^)-Tx  -  6.111  - Oji^/  -^^'fy^ 


.•"5  "  T   >^"  * 


^ 


U7 


l:'-il 


■  %  • 


The 


At  /,=  0.176,  we  find  -J^  =  0,154,  or  ^  «s  15.4  Mev. 

mean  energy  loss  is  £^4,6  Mev.  Using  equations  26.5,26.6, 


and  Figures  5,  7,  8,  9,  we  find: 


t- 


'>i 


tfl  » 


7!,C^nH^(^-A(^^^--^^C(^f'^^'''''J  *  -^^nMav 


>  .  -  * 


*  1. 


(The 


for 


^  term  could  have  been  neglected.)   These  values  are 


\ 


330  ev.   To  correct  for  -^'s  520  ev,  we  multiply  ^^   by 


(J    ,  and  A^  by  ^ 


From  Figure  5b: 


^ 


''I  ^ 


=  /.  ^i 


.'4 


(When  ^<<ifi*»  C  should  be  multiplied  by  *-^^^  ■'/j^C^^  , /I. 

by  L^(^itfJ   *)   The  corrected  values  are: 


61^  -s   ^.Jf/Mev. 


•\ 


1 ' 


L'  '■*'> 


From   Figure   4,    v/e    find    Gj*=?0.4): 


/•  — 


r-^^   -   6A5-X6.31    -   ^.6  9   Mev 


^  -    /.-^Mev 


L 


4 
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Thus  the  curve  A^-=!0.5   in  Figure  2  represents  the  energy  loss 
distribution,  with  the  peak  of  the  differential  curve  represent 
ing  a  loss  of  4.5  Mev,  and  each  unit  on  the  horizontal  scale 
representing  0.4  Mev. 


-t:^^ 


■> 


j 


^.rm 


/i  r.;^;i..^  l;^ 


-x; 


*i 


'•   r  .-v^  *, 


/ 


hi 


I: 


'■-'■■  ,'■ 


' 


i  ■ 
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System 
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Fundamental  Units 


Length 
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1            ■ :  . 
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Table  1 

'    •• 

r 

"-'""of  ••  ^' 

4.^  .         '  - 

Units 

Unit 

1 

! 

> 

- 

Symbol 

i. 

; 

1 

I                  1 

!              1 

Centimeter 

cm 

Velocity 
Energy 


velocity  of  light 

i 

electron-volt 


Derived  or  Special  Units: 


Mass 

Density  of 
braking  material 

Path  length  in 
braking  material 


electron-volt/c^ 


gram  per  cubic 
centimeter  i 


collision  unit 


ev 


ev/c 


/  3 

gm/cm 


-I 
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^J  '-.,  .:  : 


-^ii 


\ 


J 


:  -4 


:^.*  M 


-N;. 
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Table    2 


List    of    Important    Symbols    Used 


^s-i; 


(Latin  letter  symbols  are  listed  first  in  alphabetical 

order,  followed  by  Greek  letter  symbols.) 


Symbol 


A 


Meaning 


First  Important  Use 
(Equation  or  Section  No 


constant  characterizing  braking 

material  fenergy/cmj 


2.4 


h 


coefficient   defined   by 


v< 


15*14      , 


fi 


Atomic  weight    of  braking  material 


Ai£^)  a  priori  initial  energy  distribution 


2*5 


24.3 


.:  ;ir 


t       i 


A 


A 


th 


coefficient  in  Gram-Charlier  aeries   14.1 


i' 


-/. 


•"si" 


-f     X-    .,s.. 


14.7 


1 


a 


variable  introduced  by 


15.12 


a.  as  given  by  the  "a^s  0'*    formulas 


16,2E 


B 


coefficient  defined  by 


15.14 


9. 


kr-kt 


number  defined  by 


12.18 


4 


variable  introduced  by 


15.12 


C 


b  as  given  by  the   %»sr^"   formula 


Euler's   constant:   0,577 


16.12 


11.3  ■ 


t  ••! 


* 


velocity  of  light 


real  part  of  limit  of  integrati 


on 


V  '■   • 


Theorem  III, 
Sec.  10 
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Symbol 


Meaning 


First  Used 


'■-A 


cj    variable  introduced  by 


14.21 


15.18 


Jfl-    differential  collision  cross  section 


4.1 


1 

£        kinetic  plus  rest  energy  (incident  particle)   4#1 


/^    characteristic  energy  depending  on 


r 


4.5 


Si  kinetic  energy  of  incident  particle 


4.6 


£1   excitation  energy  of  )f   atomic  state 


rf   fi 


nal  kinetic  energy 


£^      initial  total  energy 


5.4 


23^14 


21.11 


/T*    initial  kinetic  energy 


.21.11 


f^     energy  lost  in  a  single  collision 


Section  1 


m 


maximum   possible    value    of     ^ 


4^1 


£l^     a  specially  chosen  value  of  £^ 


£       total  energy  lost 


2.2 


Section  1 


£         mean  total  energy  lost 


2.1 


/I    most  probable  energy  loss 


^^       y^^   moment  of  FU^x) 


aM 


exponential  integral 


2.3 


12.16 


16*3 


11 
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Symbol 


Meaning 


First  Used 


charge  of  electron 


.  \ 


F 


\ 


Si 


normalizing   factor 


Section   18 


I 

functions  of  ^  (or^)  defined  by  21.13  -  21.18 


function  defined  by 


function  of  ^  (or/^)  defined  by 


th 


//*  >•       Hermite   polynomial 


16.18 


21.17 


14,9 


</  function   defined   by 


16.18 


i^ 


I        i 


J 

ft 

J 

K 


mean  ionization  potential  of  atomic 

electrons 


a  numerical    constant 


a  numerical   function 


I  1 


wave   number 


2.6 


£•4 


16.10 


^   1 


if 


wave    vector 


5.1 


H(^^       function  defined  oy 


•  2 


Jl  function  defined   by 


16.18 


yn 


m 


ass   of   electron    (gm) 


4.1 


N        Avogadro's   number 


2.5 


PCit)      energy  loss  distribution 


Section   1 


fitjX)     energy   loss   distribution 


9.1 


-    ,    •  ■»  '•■'-=•;»- 


-■'  f 
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\ 


Symbol 


Meaning 


First  Used 


fl^(^ik)    distribution  given  oy   Landau  approximation    17#11 


PJS^k)    weighty  distribution  function 


W 


t 


R  (^w)    distribution  with  skewness  Jy^  normalized  in 


scale    of   A 


15.22 


18.1 


P(S,x)     Laplacj    transform    of     P(iyX) 


10,3 


P 


linear   momentum 


5.1 


^(K,t)      distriuution   in   path   length 


23.1 


1 


ionization  potential  conversion  fac;<or 


£1.28 


R 


range 


t. 


21.20 


/^    Rydberg  constant 


5.5 


/?    mean  range 


K         classical  radius  of  electron 


23.15 


4.1 


I 


S(S^^t^)     initial  energy  distrioution 


24*1 


y       i 


variable    introduced   by  Laplace   transformation  10#1 


15.1 


S^        saddle-point  in  the  £-plane 


t       thickness  of  material  traversed  in  cm 


Section  1 


V       velocity  in  cm/sec 


IT   fractional  energy  loss  (by    radiation) 


7.1 


*   h 


w 


^/a 


^ 


14.19 


X    path  length  in  collision  units:  lp''^^Af*jt       Section  9 


X    mean  path  length 


23.8,  23.14 


atomic  number  of  brakins  material 


2.5 


/» 


^-    (incident  particle) 


lOO^y 


T 


Euler's  constant:  C 


t 


4.1 


Section  9 


16.6 


^u 


(.£-£. 


r 


Vs 


«-£;/, 


11.5 


14,4 


^w       ^^'^fVs-^ 


15.10 


^       variaole  introduced  by 


15.18 
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Symbol 


Me  ani  ng 


First  Used 


:  -■'■■  -I* 


v/. 


^^ 


X    rate  of  continuous  energy  loss 


14.20 


9.5 


(^t)       n   central  moment  of  rCE,x) 


URy 


th 


M 


central  moment  of  ram-e  distribution 


12.17 


,23.15 


•i 


i  1  .  . 

(ax)**    n       central   moment   of    ^{XiU 


:-■.,  :-^ 


23*X0 


constant    characterizing   braking   material 

fenerg^ 


#■■ 


2.4 


•  *        I 
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Symbol 


Meaning 


First  Used 


i: 


&^^  matrix  element 


•H 


5.1 


1  ' 

^^         unweighted  coefficient  of  excess  (^  ^Vg-i)      16.20 


weighted  coefficient  of  excess 


15.10 


■i[ 


C^        ^    ^^   given  by  the  «»^a..^H  formula 
If   I   an  energy  satisfying:  J^  «i5f  ^-^-f^ 


0 


variable  of  integration 


16.14 


6.7 


14.5 


p        semi -invariant 


12.8 


/l^j,        unweichted    skev/ness    (=■/!,) 


14.24,ff . 


X^  tl        dimensionless    moment    of   r{,CfX) 


18.24 


X 


w 


we iprht ed   sKewne ss 


o 


15.10 


y"        \     as  given  by  the  '*/3*~0"   formula 


16.13 


/ 


rest   energy   of    incident   particle 


4.1 


A 


rest  energy  of  electron 


j^  '  an  energy  proportional  to  t 
TT(uj)    Fourier  transform  of  P(0 


^- 


yO       density   of   braking   material    in  gra/cm^ 


-■;!'  .^■ 


th 


2.5 


2.3 


12.5 


/  2.5 


dJJ    cross  section  for  excitation  of  tj^"  atomic 

•     ..  state 


5.1 


<Ci        unweighted    r.m.s.    fluctuation 


lC.27 


/ 


^ 
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Symbol 


w 


§ 


Meaning 


weighted  r^m.s.    fluctuation 


.:/.U-.    -  , 


integral    of    Gaussiaji    error   function 


-^ 


0(^i)     Landau  distribution  functi 


on 


<p 


G-aussian  error    function 


(p(tr)       radiation   spectrum 

?f  constant    in   31och   eneri^-y    loss    formula 


^(^^)     collision   soectrum' 


First  Used 


15.10 


V       -  ! 


14.13 

1. 


2.3 


<•■    / 


'i'l 


14.8 


o 


5.6 


'i 


Section  1 


?!(^/^     collision   sroectrum  dependent   on 


}:C^£,x) 


6.1 


^(^^^)     collision  spectrum  as  function  of^^andX   "Section  9 


collision  spectrum  as  function  of  £   and  X 
(any  or  all  of  the    arguments  may  sometimes 
be  omitted) 


9.11 


Jk!    J"^   moment  of  collision  spectrum 


12.1 


y  (s)      generalized  9t       moment 
fiJl(^)        ?if^^^  as  given  by  the  "^*=:^'*  formula 


15.3 


16.4 


?^ 


th 


dimensi onless  moment 


l£.a5 


?L(^)        generalization  of  i^^ 


15.8 


)i(S)       Laplace  transform  of  }!Cif^) 

f^       wave  function 
caJ         Fourier  transform  variable 


10.3 
5.1 

12.4 


/ 
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Table  3 


10.0 
5.0 
3.0 


''.O 


c 


0.7 


0.6 


Q.5 


Weighted  Parameters  and  Related  Quantities 


Computed  for  Q  =0 


^ 


t_ 


^ 


V?        A 


a 


h 


Ay^ 


l.COO       1.000      0.993       2.178       21*78 


1.477       1,477 


0.930      0.740      0.794      2.48 


UO        0,882     0.G41)      0.760      E.68 
1.0         0.79b      0.5C5      0.7^:6      2.y6 


0.85      0,757      0.482      0.723      5.07 


0.709      0.434      0.706      3.20 


0.672      0,399      0.703      3.32 


0.627      0.355      0.695      3.38 


0.3        0.509      0.281      0.684      3.58 

r 

0.2        0.425      0.225      0.678      3.75 


* 


k^^  itH'^^fi)       i'/^^o.n) 


J 


t  =  .2dy£  ~  A 


€• 


(%  <  »■  2) 


4.9B 

•1 .  oc 

2.61 


/ 


J 

0.201 


0.997      0.969      0.945      2.175      10.88         1.470      1.429      0.199 
0,975      0.864      0.857      2.28  6.84         1.473      1.305      0.234 


1.465       1.166      0.282 


1.44:5      1.056      0.309 
l.:i68     0.903     0.289 


1.327      0.847      0.261 


2.24  1,268  0.777  0.212 

1.992  1.224  0.727  0,169 

1.690  1.153  0.671  0.081 

1.075  0,954  0.532  0,208 

0,750  0.324  0.436  0.478 


>K  ■■■  •# 


I  y 
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\f 


% 


Vifeiglited  Parameters 
Computed   for  /?*«0>4s   0»7,    1 


!^a 


a      fi  0^ 


1.15 


0.0251       1.15 


0.7 


1.  '^6 


1.26 


1.333 


1.325 


0.4 


3.49 


3.47 


0.7 


3tie 


3.16 


3.00 
3.00 


0.1028       1.14 


1.24 


1.308  3-41 


3.  14 


2.98 


0.27  5 


1 .  1  3 


1.23 


1     "H 


3 . 1  y 


E.94 


2.a;^ 


0.433 


1.1  :> 


l.:;l 


1  •  /1.0 


3.10 


2.86 


2.77 


0.608 

1.11 

1.013 

1.09 

2.015 

1.05 

3.09 

1.025 

4.59 


5.51 


9.19 


1,000 


0.999 


1.19 


1.22 


1.15         1.16 


2.96         2.77 


2.72         2.57 


1.07        1.05  2.36        2.32 

1.025      0.993       -^.ES         2.22 


1.005         0.998      0.976         2.17 


0.995      0.976 


0.993      0.965 


2.18 


.18         2.19 


2. IS 


8.20 


2.70 
2.55 

2.36 
2.28 
2.23 
2.23 
2.21 


- .-    V" 

■ '  \  V 
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^ 


Va 

f:   0«4 

0,7 

1 

0.4 

0.7 

1 

0 

0 

0 

0 

0 

0 

0 

0.0251 

0.087 

0.079 

0.075 

0.26 

0.22 

0.19 

0.1028 

0.351 

0.323 

0,307 

0.54 

0.44 

0.37 

0.275 

0.882 

0.813 

0,781 

0.794 

0,691 

0.600 

0.433 

1.34 

1.24 

1.20 

0.946 

0.829 

^0.729 

0.608 

1.80 

1.68 

1.64 

1,053 

0.930 

0.826 

1.013 

2.75 

2.61 

2.59 

1.198 

1.076 

0.973 

2.D15 

4.76 

4.68 

4.76 

1.328 

1 .  235 

1.158 

3.09 

6.84 

6.84 

7.01 

1.376 

1.310 

1.256 

4.59 

9.95 

10.02 

10.25 

1.410 

1.366 

1.332 

5.51 

18.0 

12.06 

12.3 

1.422 

1.385 

1.35,8 

9.19 

20.0 

20.1 

20.3 

1.442 

1.425 

1.404 

18.36 

40,0 

40.0 

40.0 

1.461 

1.450 

1.444 

45,9 


100. 


100. 


100. 


1,475 


1,468 


1.462 


J 
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%    >*:  0-i      Oil 


0.275 

0,433 

0,608 

1,013 

2,015 

3,09 

4,59 

5.51 

9.19 

18.36 

45.9 


.'  I 


0 


0.0251        0.15        0.14 
0.1028        0.31        0.28 


0.489     0.462 
0,597     0,566 


0,694      0.658 


1.251      1.192 


1.353      1.301 


1.394      1.349 


1.443      1.414 


1.473      1.443 


0 

0.13 

0.27 

0,417 

0,512 
0.  599 


0.868      0,822        0.749 


1.111      1.052        0.973 


1.115 
1.240 
1.296 

1,363 

1.435 

1.46 


0,4 


-00 


0.25 


0.34 


0.37 


0.7 


-00 


0.15 


0,28         0.22 


0.29        0.24 


0.33        0.29 


0.32 


0.36 


-2,83  -3,20  -3,60 

-1.42  -1.88  -2.19 

-0.68  -1.02  -1.30 

-0.36  -0.67  -0,93 

-0.18  -0.45  -0.68 

0.04  -0.18  -0.36 

0.20  0.07  -0.06  , 


0.06 
0.15 
0.18 

0.26 
0.30 

0.36 


I 


':!! 


l^ 
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Table   5 


Energy  L033  Distribution  Functions 


Differential  DiHtrioution    ^^d): 


Aw 

-3.0 

\:    ■ 

-2.5 


I        i 


2.5 
3.0 
3.5 
4.0 
4.5 


5.0 


5.5 

6.0 

I- 

6.5 

7.0 
7.5 
8.0 
9,0 
10.0 


A^'  1'48  1,4 


.001 


2.0 

f.  007 

•1,5 

i     . 

.052 

1.0 

,213 

0,5 

.366 

0.0 

.399 

0.5 

.357 

1.0 

.283 

1.5 

.214 

2.0 

.167 

.130 


.105 


.084 


.067 


.055 


.047 

I 

.040 

i 

'  .033 

'    .029 

.025 
.021 

.019 

.016 

.012 


.065 
.053 

.043 

.035 

.028 

.022 
.016 
.013 

.011 
.007 

.005 


1.2 


.098 
.071 
.048 
.032 
.022 
.015 
.010 

ff 

.007 
.004 

.003 
.002 
.001 


1.0 


.107 


.071 


.044 


.026 


.010 
.007 
.004 

.003 

.002 

.001 


0.8 


0.5 


.016         .009      .002 


.005 
.002 
.001 


i  ' 


0 


• 

.004 

.003 

.018 

.025 

•  054 

.093 

.  130 

.230 

.242 

.35^ 


.  399 

.  399 

.  367  ) 

.3b7 

.352 

.k;78 

.270 

.242 

.201 

.172 

.130 

158        .128      .095      .054 


.077      .048      .018 


.041       .024      .004 


.024       .011       .001 


.015      .005 


t\ 


■s 
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Ob 


Integral  Distribution  \  F(t7«^ 

C 

>ij^:  1.48   1.45    1.4   1.2 


1.0 


0.8   0.5 


-3.0 


-2.5 


-2.0 

.998 

-1.5 

.990 

-1.0 

.952 

-0.5 

.849 

0.0 

.720 

0.5 


3.0 


3.5 


4.0 


.5yo 


1.0 

.484 

1.5 

.405 

2.0 

,  341 

.295 

2.5 

.292 

.242 

.256 


.225 


.202 


.203 


.169 


>n 


.987 
.932 
.799 


.431  .381   .339   .300 
.342  .287   .237   .188 


.143    .113  .047   .026   .010   .C02 


001 


4.5 

.181 

.122 

.092 

.032 

.016 

5.0 

.163 

.105 

.07  6 

.022 

.010 

5.5 

.149 

.039 

.061 

.015 

.005 

6.0 

.137 

,077 

.048 

.010 

.004 

6.5 

.126 

.065 

.033 

.007 

.  CO  2 

7.0 

.117 

.056 

.031 

.005 

.001 

7.5 

.109 

.047 

.025 

.C03 

8.0 

.102 

.039 

.020 

.O02 

9.0 

.090 

.026 

.015 

.001 


10.0 


.081 


.015 


.009 


0 


.999 


.994 


.997   .977 


.969  .933 
.893   .841 


.760   .691 


.688  .666   .643   .617   .573   .500 
.547  .512   .463   .444   .365   .309 


.235   .159 
.130   .067 


.273  .212   .158   .108   .067   .023 
.228  .152   .101   .062   .032   .006 


.175  .106   .064   .034   .015   .001 


.139  .070   .041   .019   .006 


>■       \ 


i  '■ 

I 


1      1! 
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Table   6 
Relations   between  Viei^hted  and  Unweighted  Parameters 


0.5 


15, 

,6 

12. 

,3 

IC. 

,0 

7. 

n 

i 

5, 

.0 

3. 

0 

,0 

1. 

0 

C. 

a' 

c 

11.9 
8.1 
4.7 

3.0 

E.O 


^ 


*=/) 


c 

2.2 

1.45 

1.75 

b 

Ve 

*"-/«; 

0.0 

1.41 

1.58 

1.48 

3.16 

0.467 

5.0 

1.17 

1.12 

1.48 

2.24 

0.661 

3.0 

0.91 

0.87 

1.37 

1.73 

0.792 

2.0 

t 

0.73 

0.71 

1.23 

1.41     . 

0.867 

1.0 

0.51 

0.50 

0.93 

1.00 

0.93 

0.36 


1 .  35 
1 .  ?0 
1.24 
1.15 

0.99 
0.80 
0.66 

0.46 
0,33 


0.35 

1  .  t3  b 

1.65 
1.49 

1.31 

1.05 
0.82 
0.67 

0.47 
C.33 


0.68 


L 


1.32 


1.17 
1.02 
C.90 

0.67 
0.49 


Aw*/'  A  I* 

1.77 


■  .40 
1.30 

1.10 
0.91 


0.73 


i.46 
1.11 
0.S8  . 

0.73 


0,71 


/t 


2.23 

1.58 
1.23 
1.00 

0.71 
0.50 


0.96 


/  •m 


0.59 

0*74 
0.83 
0*90 

0.95 
0.98 


4 


.1 


\ 


i 
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Table  7 

( 

Moments    of    the 

4 

Collision  Spectrum  vs  Vvip 

Wl 

^?. 

h 

iyUc 

i^y^ 

(v^;* 

O.CIOOO 

414.2 

1.0101 

0.01012 

0.01259 

348.5 

1.0127 

0.01278 

0.015S5 

292.8 

1.0160 

0.C1615 

0.01995 

245.5 

1.0202 

©.02042 

0.02518 

205.7 

1.0254 

0.02587 

0.03162 

172.3 

1.0321 

0.03281 

0.03931 

144.3 

1.0406 

:                  0.04170 

0.05012 

120,9 

1,0514 

0.05319 

0,06310 

101.61 

1,0651 

0.06791 

0.07944 

85.55 

1.0826 

0.08714 

C.IOOC 

72.30 

1.1050 

0.11235 

0.1259 

61.57 

1.1338 

0.1458 

0.1535 

52.40 

1.1711 

0.1906 

0.1995 

45.10 

1.2194 

0.2515 

0.2512 

39.17 

1.2828 

0.3360 

0.3162 

34 .  40 

1.3162 

0.4556 

0.3981 

30.60 

1.4774 

0.6293 

0.5012 

27.60 

1.^278 

0.  £887 

0.6310 

25.  28 

1.8301 

1,2394 

0.7944- 

25.51 

2.110 

1.931 

1.000 

22.29 

2.500 

3.000 

1.259 

21.43 

3.052 

4.857 

1.585 

20.92 

3.841 

8.222 

1.995- 

20,69 

4.935 

14.57 

2.512 

,20.71 

6.667 

27.08 

3.162 

20.92 

9,161 

' 52.56 

3.981 

21.29 

12.905 

106.4 

5.012 

21.79 

18.57 

223.4 

6.310 

22.39 

27.22 

484.5 

7.944 

23.06 

40.  50 

1079.7 

0.00 

23.30 

61.00 

•    2460. 

I! 


{■^ 
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^x- 

100  ev 

H 

1, 

0.01 

0.77 

0.02 

0.80. 

0.04 

' 

0.82 

0,C7 

0.83 

0.10 

0.84 

0.2 

0.85 

0.4 

0.85 

0.7 

0.87 

1. 

2. 
4. 
7. 


0.87^ 
0.88^ 
0.89^ 
0.90^ 


200  eir 


330  eir 


600  ev 


0.89 


0,92 


0.94 


1.00 


1.16 


1.00 


1.10 


1.00 


1.08 


1000  e  J/' 

1. 

36 

1. 

30 

1. 

,25 

1. 

23 

1. 

.21 

t. 

19 

1. 

,17 

1. 

,16 

1. 

.15 

1, 

,13^ 

1. 

.12 

1, 

,11 

\ 


10. 


C.  91 


0.96 


1.00 


1.07 


1.10 


>     1 


T 
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Table  8 

i 

• 

m 

f(. 

y 

1 

1 

f, 

- 

^/r 

i; 

:   330ev 

100  ev 

loooev 

0.01000 

': 

1 

0.00137 

0.00105 

0.00210 

0.01585 

0.00308 

0.0C24 

0.0043 

0.02512 

0,00693 

0.0055 

0.0097 

0.03981 

0.01562 

0.0126 

0.021 

0.06310 

0.0352 

0.029 

0.044 

0.1000 

0.0791 

0.065  • 

0.098 

0.1585 

0,1759 

0.147 

0.21   . 

0.2512 

0.384 

0.32 

0»46  ■ 

0.3981 

0.816 

0.69 

0.96 

0.6310 

1.665 

1.43 

1.95 

1 .  000 

3.24 

■   2.3 

3.8 

i,':,tyo 

5,97 

6.9 

2.612 

10.  44 

(.1   o 

12.0 

3.981 

17.45 

15.4 

19.7 

6.310 

28.1 

Idb« 

32. 

■-"■  *• 


I-  ' 


10.00 


44.1 


40. 


49. 


!! 


Wit 

h 

^3 

9^ 

0.01000 

4.21 

X 

10-9 

0.068  X  10--^2  ■ 

0.068  X 

10"^ 

_./■ 

0.01585 

19.38 

0.694 

0.221 

0.02512 

89.2 

7.15 

0.716 

0.03931 

414. 

^\ 

75.0 
768,    X  lO"-^*- 

2.33 

10"^ 

0.06310 

1925, 

X 

10"^ 

7.60  X 

i 
j 

0.1000 

8.87 

X 

10"^ 

0.00809x10"^ 

0.0247  X 

10-3 

i 

1 

'  t 
1 

0.1585 

39.92 

0.0799 

0.0796 

! 

0.2512 

17  2.1 

0.736 

0.251 

- 

0,3931   ' 

684. 

1 

6.  10 

0.759 

0.6310 

2530. 

X 

10"^ 

47.3     xlO  "^ 

2.180  X 

10 -3 

1.000 

8.82 

X 

10-3 

0.000284 

0,00591 

1.585 

27.6 

0.001593 

0.01470 

2.512 

81.5 

0.00840 

0,0344 

3.981 

234. 

0.0451 

0,0770 

• 

6.310 

668.   X  10">^ 

0.253 

0,1667 

) 

10.00 


1.936 


1.526 


0.355 


,  ! 


11   ;■ 
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Table  9 


Unit  Collision  Thickness  for  Various  Materials 


^^  ^(mc^Jf^f/o^   =  •150^/)t,   for^o  in  gm/cm^,  ^  in  cm 


Material 


hydrogen 

air 

paraffin 

water 

aluminum 

glass 

Cement 

silver  chloride 

iron 

lead  .^ 

gold 


gm/cm2 


cm 


•"-J. 


6.67     74,200   (STP) 


13.3 

1,03(>     (STP) 

11.6 

13 

12.0  ' 

12.0    (0°C) 

15. H 

5.13 

15.4 

b.l 

13.4 

4.8        >     ' 

14.9 

t 

2.69 

• 

14.3 

1.S2      ; 

IS. 8 

■   1.48   ?:-r-\ 

16.6 

0.86        - 

I 


\ 
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CP(«) 


\j.e. 

1 — 

* 

1    1  1  III 

1 

/' 

-2ND  APPROXIMATION 

/ 

^ 

iJL 

1ST  APPROXIMATION 

•       1 

\—^ 

• 

• 
• 

1 .', 

• 
• 

• 

• 
• 
• 

\ 

• 
• 
• 

• 
* 

iV 

\ 

• 
• 

n  1 

Vi  \ 

• 
• 

1 
I 

\ 

[  ; 

1 

1 

1 

\ 

1 
\ 

\ 

\ 

• 
• 

1 

V 

• 
• 

< 

.** 

k 

• 

A 

4 

/ 

\ 

1 

\ 

\ 

1 

1 

\ 

\ 

>^-l.48 

W' 

1 
1 

J 

f 

k%. 

^ 

f 

/ 

% 

^r 

• 
• 
« 

■^ 

^ 

^ 

c 

-r 

'^^ 

• 

*•.. 

V 

^* 

^m 

** 

\  .  II.  ■ 

7P(0d€ 


0 


10 


19 


1.0 

— 

^ 

I 

-  - 

— 

— ^ 

\ 

} 

\ 

i 

C14 

v\ 

\ 

2 

NO  APPROXIMATION 

1 

■^ 

K 

/ 

1         1 
^Xw-1.48 

g^ 

-- 

Ss 

^- 

1 

v: 

^ 

:j 

/ 

f 

; 

n 

~~ 

10 


•9 


a    APPROXIMATE   DIFFERENTIAL  CURVES 

Xw«l48 


b  APPROXIMATE   INTEGRAL  CURVES 


OS 

^ 

— 1 

/ 

\ 

f 

\ 

\ 

\ 

ff 

1 

\ 

1 

\  ^ 

fp(o 

k 

.- 

V 

■ 

\^ 

L 

v\ 

WOGHTEC 

)E 

DGEVI 

fORTH 

^ 

v> 

/   EXPHNSION 

\ 

f^ 

r^ 

J 

\j 

Si 

^Xi,«l 

i^ 

^ 

^ 

J 

(Xw-1.48) 

•V 

E 

dgeworth; 

k 

><. 

k^ 

f\ 

^ 

EXPANSION^ 

^ 

•11 

- 

— 

— 

ir:^ 

>•• 

' 

a4 

r 

\ 

I 

\ 

\ 

\ 

1 

_\ 

OlS 

I 

^, 

« 

I 

\ 

- 
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\ 

1 

\ 

OW  n  f «»  n  • 

/ 

\ 

-p^PlOo^* 

\ 

^ 

^ 

/ 

V 

/ 

\ 

/ 

\ 

3J 

/ 

'lb. 

•jfi-r 

/ 

^ 

.7 

•^*- 

0' 

_^«-l'- 

7 

^ 

^ 

7" 

■at.0' 

^^ 

O 

_^ 

r 

1 

""^^ 

—     1      J 

T^ 


c.  APPROXIMATE  DIFFERENTIAL  CURVES 
X.-l 


-t 


10 


^ 


d  COMPARISON  OF  "^^-O"  AN0">fl2-|"  CURVES 
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ABSTRACr 

The  detemination  of  tha  dlstribuwion  in  energy  loee  by 
particles  traversing  a  giren  thiclcneas  of  matter  can  be 
separated  into  two  problems:   (1)  the  determination  of  the 
cross  sections  for  the  collisions  by  which  the  particle  may 
lose  energy;  (2)  the  calculation  of  the  distribution  in  total 
energy  loss  resulting  from  such  collisions.  The  first  proolem 
has  been  treated  by  many  authorst  and  the  cross  sections  giren 
by  the  present  relativistic  quantum  theory  for  ooliislonc     ^ 

\ 

with  atoms  of  electrons »  positrons,  protons,  and  mesons  of  spin 
0,  ik,  of^  1,  may  be  regarded  as  known  to  a  sufficient  approxima«- 
tion«   The  second  proolem  may  be  formulated  as  follows:   glTsn 
the  probability  }i(/FOJ^^Jt   that  in  going  a  distance  At.    tx 
partiole  will  euffer  a  collision  in  whioh  it  loses  an  amount 
of  energy  between  /"^  and  ^^f-JS^\    to  oalculate  the  probability 
F(£,t^J£   that  after  traTerslng  a  thiolcness  t   the  particle  has 
lost  a  total  amount  of  energy  between  £  and  L^^^.      Tne  dCTClop-- 
ment  of  general  methods  of  attacking  this  problem,  and  their 
application  to  the  calculation  of  P(£^t)   for  high  energy  mesona 
traTersing  various  thicknesses  of  materials,  constitute  the 
central  purpose  of  this  thesis. 

Methods  of  determining  the  distribution  P(t,t^   are  describ- 
ed which  are  applicable  to  problems  of  this  type  whenever  the 
function  yt(f')    is  known.  The  methods  are  particularly  suited 

I 

to  cases  when  }(i£^)   Id  nuoh  that  the  probability  that  a  particle 
will  lose  a  large  fraction  of  its  kinetic  energy  in  a  single 
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collision  10  snallp  as  la  ths  oass  for  collisions  of  bsary 
partlclss  with  slsstrons*   Thess  asthods  are  appllsd  to  ths 

,         ■  I  .  '  • 

1 

d^tsrmlnatlon  of  Pit^t)   tor   masons  of  oosnlc  ray  snsrglas* 
CurTss  ars  prassntsd  whloh  oan  b#  us«d  In  ths  analysis  of 
•xptrlnents  Involying  m^soi;  •ntrglaa  from  I  to  1000  IIEV* 
and  any  thloknasscs  of  (hoaoganaoua)  matirlal#  The  curyaa 

ars  also  applloabls  to  protons  or  other  charged  particles 

» 
of  mass  large  compared  with  the  electron  mass  euid  of  kinetic 

energies  from  0.01  to  10  times  the  rest  energy  of  the  partl«» 

cles.   Only  energy  losses  due  to  collisions  with  electrons 

haye  been  taken  Into  aooount  In  the  calculations. 
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The  problem  of  the  effect  of  scatterini^  by  collisions 
on  the  spatial  distribution  and  the  distribution  In  direction 
of  motion  la  not  treated  In  thla  theala*  The  angular  deflec- 
tions suffered  by  mesons  are  very  small  except  at  rery  low 
energies  and  except  for  rare  close  ociilisions  with  an  atomic 
nucleus.   Viihen  directional  scattering  is  importanti  the  dis- 
tribution P(£,t)    can  still  bo  determined  by  tne  methods  ds-* 
scrlbsd^  but  the  variable  t   must  be  Interpreted  as  the  actual 
path  length  of  the  particle  in  the  material* 


The  problem  of  determining  the  distribution  In  energy 
loss  of  fast  charged  particles  was  probably  first  attacked  by 
Bohr  in  1915«   Sohr^e  treatment  was  extended  and  Improved  in 
1989  by  Williams •  who  has  written  a  number  of  papers  compar- 
ing the  experimental  and  theoretical  results  for  the  stopping 
of  or- andytf-particles*   In  his  later  paperst  quantum  and 


relatlTlstlo  corrections  are  madct  and  It  la  concluded  that 
theory  and  experiaent  agree  within  the  expected  llnilte  of 
error.   In  a  reoent  paper t  Landau  has  glTcn  a  rigorous  solu* 
tion  of  the  probleoi  of  deterninlng  the  energy  loss  distribu- 
tion for  high  energy  particles  in  the  llailting  case  of 
moderately  thin  foils*  In  the  present  thtsisi  an  attempt  is 
made  to  determine  the  distribution  F(^,t)   for  larger  thiols- 
neases  t   when  Landau's  approximations  are  not  valid  and  when 
the  dspendence  of  ^(^^)    on  the  energy  of  the  incident  partible 
must  be  taken  into  account* 

The  thesis  begins  with  a  short  history  of  the  problem , 
followed^  by  a  sketch  of  the  methods  by  which  crc^ss  sections 
for  tfeson  electron  uollisioiis  are  computed  usln^^  relativist ic 

quuntum  theory.   The  formulas  for  mesons  of  lipin  O  are  used 
in  the  later  oalculutions,  'ITi<*  results  will  bs  applicable  to 
meaoiis  of  any  spin  within  the  ran^e  of  energies  treated. 
A  brief  (llscueslon  I0  included  of  the  Importance  of  other 
mode^  of  energy  loss  (collision  with  nuclei ^radiation)  and 
their  effect  on  the  accuracy  of  th<a  results* 

Tne  fundamental  integro^'dlff erential  equai*lon  governing 
the  probability  function  FC^/^)   is  derived  for  the  general 
case  in  which  the  function  ^(£^0    nay  depend  on  uhe  thiclcness  t 


of  material  traversed »  and  on  the  energy^  of  the  incident 
particle*   The  treatment  of  this  equation  falls  into  two 
parts^  according  to  whether  or  not  the  dependence  of  Tti^O 
on  the  energy /"of  the  incident  particle  la  taken  into 
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aooount.      Th«  g«n«ral  solution  for  F((/t)    la  darlTad  In 
terns  of  a  Laplaoa  transforfli»  for   tha  oaaa  whara   ^(^0    la 

Indapandant  of^/^but  may  dapand  on  tha  dapth  t  In  tha 

•■       '     •  ..." 

Matarlal.   Tha  apaolal  oasa  whan  Landau* a  aaauaiptlona  ara 
▼alld  (^amall)  Is  diaouaaad*   Tha  oppoalta  Oaas  whan  t  la 
larga  and  tha  dlatrlbutlon  In  snargy  loaa  la  naarly  Qauaalan 
oan  ba  traatad  by  maans  of  an  Edgaworth*  or  Oram^harllar 
axpanalon*   Tha  ganaral  relations  ara  darlTad  batwaan  tha 
oKments  of  tha  function  it(^^J    and  tjtia  saml^lnvarlanta  and 
monants  of  tha  anargy  loas  distribution  f(iit).     a  modifi- 
cation of  tha  £dgaworth  expansion  is  presented ^  based  on 
the  conneetlon  between  the  Sdgeworth  expansion  and  the 
saddle«-point  mathody  whloh  glfea  a  aerlea  asyaptotloally 
▼alld  for  large  valuea  of  t  ^   but  alao  useful  when  t  la 
small*   The  modified  Edgeworth  expansion  leads  naturally 
to  the  introduction  of  a  set  of  vieighted  moments  whloh 
are  better  suited  to  oharaoterize  the  dlatrlbutlon  ourires 
for   small  Talues  of  t    than  the  ordinary  unweighted  moments. 
Othar  methods  ars  outlined  whloh  are  often  uueful  In  aeter- 

mining  FC^itl . 

All  these  methoda^  together  with  the  results  of  Landau, 
are  finally  combined  In  the  oaloulatlon  of  a  family  of 

F(^i,t)JL   .   It  la  shown  that, 
to  a  aufflclent  degree  of  approximation »  any  Fi^^t?  can  be 
represented  by  one  of  the  curres  of  this  family  if  the  three 
"^weighted  parameters**  whloh  oharaoterize  It  are  properly 
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ohoasn*  This  result  holds  whsnsTsr  FCi/t)  is  a  solution  oorrss* 
ponding  to  a  fonotion  }!(fO   of  ths  form  dsrlTsd  for  inoidsnt 
scalar  mssonst  and  whsn  ths  dspsndsnss  of  ^^^')   on  ths  snsrgy 
f  lost  by  ths  msson  is  nsglsstsd«  Curvss  are  giTsn  for  the  thra- 
welghtsd  paramstsrsf  as  funstions  of  ths  initial  sasr^y  and 
thloknsss,  and  as  functions  of  ths  unwsightsd  monisnts  of  ths 
distribution  P^^,t) . 

If  ws  maks  the  plausible  assumption  that  v^hen  ths  Taria«> 

tion  of  ifC^'O    with  ^  is  taken  into  aooountt  Uie  ourves  men* 
tioned  in  the  last  paragraph  may  still  bs  ussd  providsd  ths 
parafflstsrs  ars  properly  chosen •  it  remains  only  to  dstsrmins 
tna  paramstsrs  in  ordsr  to  haYs  a  solution  for  all  thioknsssss 
L     Equations  for  the  un^vslghted  moments  of  Pii,t)    are  dsriTsd> 
which  are  Yalid  whsn  ^(^0    is  a  function  also  of  ^ m     Curvss 
are  ^iven  from  which  tii^  three  required  parafflsters  may  De 
detert«iined  for  UiiakneHses  /up  to  about  90^  oi    y\\^   ian«^e  for 
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¥Vh#ii    Ilia    cllttlrl  iMit  Ion     t\t,^)    \u    kuowa^    othoi'    i«lat«<t 

distrlbutloaa   can   be   determined »    uuoh   t&s    the   dl  Kt^triuution    In 
distances   traversed    in  losing  a  given  amount  of   energy*    in 
particular t    the   distribution   in  ran^e    of   particles   of   given 

initial   energy;    and    the   probability  distribution  of   the   initial 

ensrgy»  givsn  ths  dspth  and  final  snergy»  or  givsn  ths  rangs* 
Formulas  for   thess  distributions  ars  dsrivsd  and  curvss  ars 
givsn. 
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